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Abstract: This is the second of two papers discussing the theories and applications of three reinforced ¢B@rétame elements

with bond slip between the reinforcing bars and the concrete. This paper presents the element state determinations for the displacem
based, the force-based, and the Hellinger—Reissner mixed formulations. The convergence, accuracy, and computational times of the tt
elements are compared through two numerical examples. The distinctive element characteristics in terms of force and deformati
discontinuities between adjacent elements are discussed for the three proposed formulations. The ability of these formulations to detect
overall softening response of RC members due to the pullout failure of the rebars in the anchorage zone is also tested. The elements
all able to capture the drop in member stiffness due to the rebar slip and the failure due to bar pullout. The force-based and the mix
elements are, however, much more precise than the displacement-based element. The force-based element is slightly more precise, bt
mixed element is numerically more stable.
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Introduction Mahin (1984 was later improved by Zeris and Mahii1988,
1991), but their procedure to compute the element stiffness matrix
In recent years, several researchers have investigated the use @&nd the element-resisting forces was not entirely general and re-
assumed force fields for the development of nonlinear frame ele-quired an ad hoc approach to solve softening problems.
ments. This interest stems from two main observatidfg:in The main problem in implementing elements that exclusively
some simplified cases the internal force distributions in frame use force shape functiorse., force-based elementsr that mix
elements are known “exactly.” This is, for example, the case of displacement and force shape functigis., mixed elemenjse-
the reinforced concretéRC) beam element with perfect bon@) rives from the displacement-based nature of the nonlinear solu-
in general, the force fields along the beam are smoother than thajon schemes used in structural analysis. The assumption of force
deformation fields, which may show large jumps in the inelastic shape functions naturally leads to the element flexibility and to
regions, particularly where plastic hinges tend to fofine., in the element displacements that are compatible with the internal
column bases, girder ends, beam midspan).éithile the devel-  yeformation distributiongin beams, these are primarily the axial
opment of elements that use force shape functions is per Segain and the curvatureHowever, the nonlinear structural solu-
simple, the implementation of such elements in existing nonlinear tion schemes typically necessitate the element stiffness and the

?;:?::lgfi‘(l)gnalys's programs is the real challenge in the E|ememelement forces corresponding to the current nodal displacements.

Mahasuverachai and Powell982 used the force-dependent Ciampi and Carlesimd1986 were the first to propose the

. . - c-dep consistent formulation of force-based elements. Their procedure
shape functions to trace the inelastic response of pipes and tubula\rNas refined by Spacone et 41996 to develop a force-based
structures. Kaba and Mahif1984 proposed the first fiber beam y op ) _p
element, which uses force shape functions to compute the elemen iber frame element for the nonlinear analysis of RC structures.
flexibility and the displacement shape functions to compute the bhe elem(ra]nt by Spaconz ert] ﬂgie aSﬁumesla 5?”‘30‘ bon.d
element resisting forces. The element yielded promising results etween t € concrete.an the rebars, hence leading to an .|nter-
but was hampered by convergence problems, especially for soft.nally statically determinate element. The force shape functions

ening materials such as concrete. The element by Kaba and@'® €asily derived from equilibrium and are “exact” within the
Euler—Bernoulli beam theory.
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STRUCTURE and the current bond deformatiomy are computed from the

current element nodal displacemehitssia the derivatives of the
P B c _Le-cTTTTT displacement shape functiofstep c in Table 1, column)1Based
0,0 on the current section and bond deformations, the section and
2 \ bond state determinations are performed to compute the current
/ i Convergence Point section stiffneskg and bond stiffnesk,,, as well as the section
*B forces Dgr and the bond forceB,g (step d. Next, the current
o element stiffness matriK is calculated from the current section
stiffness and bond stiffness matridssep §. Finally, based on the
Py A Usinetwre current section and bond resisting forces, the current element re-
{ ILa S 4 Ut sisting forcesQ are computedstep h.
. . In the displacement-based state determination, element com-
Fig. 1. Nodal Newton—Rapshon solution scheme for load step  pagipility is satisfied pointwise along the element, for both the
beam and the bond, because the section and bond deformations
are found from the displacement shape functions. On the other
The element state determinations for the displacement-basedhand, element equilibrium is only satisfied in an integral sense,
force-based, and Hellinger—Reissiiei—R) mixed RC frame el-  because the element forces are found as integrals of the section
ements with bond slip presented in the companion paper byand bond forces.
Limkatanyu and Spacon@002 are the first items discussed in
this paper. Next, the convergence, accuracy, computational time,
and distinctive characteristics of the three types of elements are
discussed through two numerical examples. Finally, the ability of This is the most challenging element to implement, because the
the proposed elements to represent the overall softening responselement resisting forces cannot be directly computed from the
of RC members with insufficient anchorage lengths is studied. section resisting forces. This is a well-known issue in force-based
elements. Their implementation in a displacement-based finite el-
ement program requires a hybrid approach where the element
Element State Determinations forces are computed from the element displacements and defor-
mations. Over the years, the element state determination for
The elements proposed in this work are implemented in the force-based elements has evolved to include nonlinear strain-
general-purpose finite element cagap (Taylor 2000. A typical hardening as well as nonlinear strain softening material behavior.
Newton—Raphson scheme for each of the three element state deThe present work uses the approach initially proposed by Spacone
terminations is described herein. It should be noted that any otheret al. (1996 for elements with perfect bond and later extended by
nonlinear global solution scheme can be followed. The nonlinear Salari et al.(1998 to steel—concrete composite elements with
program solver compares applied and resisting forces and detectsleformable shear studs. The original approach by Spacone et al.
whether equilibrium has been reached, or whether further steps(1996 involves a Newton—Raphson iterative scheme at the ele-
are needed. One load step, labeleds schematically shown in  ment level that is based on the nodal residual deformations. The
Fig. 1. Superscript indicates the Newton—Raphson step. Based compatible configuration is reached when the integral of the sec-
on the applied load vectd?* and the current tangent stiffness tion deformations equalevithin a prescribed tolerang¢he cur-
matrix, B’, C', andD' represent the predictor point3, C, and rent nodal displacements computed by the finite element solver.
D are the corrector points, and represent the nodal forces in equi-Neuenhofer and Filippo(1997 proposed a simplified procedure
librium with the element resisting forces that correspond to the where the iterations are truncated after a first approximation of
current nodal displacements. The final converged displacementthe element forces is found, thus relying on the iterations at the
vector is labeledJX. structural degrees of freedom to find nodal equilibrium and ele-
In a nonlinear structural analysis program, the element rou- ment compatibility. The two approaches are very similar. The first
tines are responsible for computing the element forces and theone is more precise, but computationally more demanding.
element stiffness corresponding to the current nodal displace- The second column in Table 1 shows the steps followed in the
ments. This procedure is sometimes called element state determiimplementation of the proposed force-based RC frame element
nation. The step-by-step element state determinations of the threavith bond slip. The element forces and deformations are all com-
frame element formulations presented in Limkatanyu and Spa-puted without rigid body modes, and the notation used in the
cone (2002 are discussed hereafter. The steps involved in the companion papefLimkatanyu and Spacone_200&hould be fol-
three state determinations are summarized in Table 1. lowed. The element arrays should be writ@nF, K, U, r, but
for the sake of brevity the bar is omitted. The hybrid state deter-
mination is also shown in Fig. 3, which schematically represent
the element, section, and bond state determinations.
The state determination for the displacement-based element is by The first step is to compute the element force incremaAQs
far the simplest, because the element formulation and the nonlin-and the reference bond force incremeA®,, by linearizing the
ear solution algorithms of the finite element code at the structural element force—deformation relation about the initial poiris@p
degrees of freedom are both displacement based. a in Table 1, column 2 The current section forcd3z and bond
The first column in Table 1 summarizes the steps followed in forcesD,, are found using the force shape functidetep b. The
the implementation of the proposed displacement-based RC framesection and bond deformatiodg andd,, are found by consistent
element with bond slip. The procedure is also shown in Fig. 2, linearization of the force—deformation relation about the initial
which schematically represents the element, beam section, andgoint (step ¢. Based ondg andd,, the section and bond state
bond state determinations. The current section deformatigns determinations are performed to compute the current section stiff-

Force-Based (Force-Hybrid) Element

Displacement-Based Element
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Table 1. Steps in element state determinatiéAs= — FpFpg, NEP=NES+NEEA, , NEB=NEE+N{EA,)

Displacement-based Force-based Mixed
Step algorithm algorithm algorithm
(a) Element AQ=K°AU AQg=(F3)TAU
force increment AQp=APAQ—(FJ) *r?
(b) Section and/or ADg=NEEAQ+NERAQ, ADg=NF"RAQg
bond forces AD,=NEEAQ+NEEAQ, Dg=D3+ADg
Dg=D$+ADg
Dp=Dp+AD,
(c) Section dg=Bg"U dg=d3+fADg dg=d3+f3ADg
and bond d,=BPBU dp=d5+fOAD, d,=B; U
deformations
(d) Section kg=kg(dg), Der=Dgr(dg) fa=Kg *(ds), Dgr=Dgr(ds) fs=Kg '(ds), Dgr=Dgr(ds)

and bond state
determination

(e) Section and/or
bond residual
deformations

(f) Element
stiffness

(g) Element
residual
deformations

(h) Element
forces

(i) Section
and/or
bond forces

(j) Section
and/or bond
deformations

Kp=Kp(dp), Dpr=Dpr(dp)

K=/, BR® kyBRBdx+ [, BP®'k,BPBdx

T T
Q=/BR® Dgrdx+ [ BR® Dyrdx

fo=Kp *(dp), Dpr=Dpr(dp)

dg=fg(Dg—Dgr)
A= fy(Dp— Dry)

T T
Fea=JL(Nga feNga+ NES beEg)dX
T T
Feo=JL(NE3 fBNEE+ NES beEE)dX
T T
Foo=JL(NGg feNgs+NpS foNES) dx
F=Fag— FaoFos Fip
K=(F)*

Ur = Ug+ Uy,

Q=Q°+AQ—KU,
Qp=Qb+AQy—ALKU,

Dg=Dg— NEPKU,
Dyp=Dp— N5 KU,

dg=dg+dg,— faNEPKU,
db: db+ dbr_ beErBKUr

Kp=Kp(dp), Dpr=Dpr(dy)

dg,=fg(Dg—Dgr)

FB: fLNﬁiRTfBNﬁiRdX
Kp=JBE R kB Rdx

T= [ NE-R'BE-Rax
K=TTFg'T+K,

URr: fLNE_RTdBd x—TU

_pT
Qb=/.Bf R Dpdx

Q=T'(QR+AQR)
+Qp—TT(Fg) 'Ug,

Dg=Dg— NE_RFQlURr

dg=dg+ dg,— fgNFFg U,

nesskg and bond stiffnesk, as well as the corresponding beam

tion deformationgdz and bond slipsl,, are updated to reflect the

sectionDgg and bondDyy resisting forces. The stiffness matrices changes in the corresponding fordesep ).
The element forces found with this procedure are not exact,

are then inverted to compute the section flexibility and the

bond flexibility f, (step d. The current section and bond residual ¢ represent a first approximation. The “exact” forces are found
deformations are found by transforming the corresponding force when equilibrium at the nodal degrees of freedom is found. At

unbalanceg¢Dg— Dggr andD,— D,g) into equivalent residual de- . ) . .
$D5~ Der o~ Dor) a this point, the vector of residual deformatiddsapproaches zero.

formationsdg, andd,, (step . e i
The current element flexibility matrif is computed frorr This is the abbreviated procedure proposed by Neuenhofer and

andf,, and is then inverted to get the current element stiffness Filippou (1997. In the original hybrid procedure proposed by
matrix K (step §. The current element residual deformatidss Spacone et al1996, the iterations continue by looping between
are the sum of the contributions of the current beam residugls ~ stepsd andj until the section residualdg, anddy,, and conse-
and of the current bond residual deformatidtig (step g. The quently the element residudll,, andUy,, approach zero. Finally,
current forcesQ and Q, are then updateéstep . The current pointsB*, C*, andD* in Fig. 3 are the predictor points of the
section and bond force®g and Dy, respectively are updated procedure, while pointB, C, andD are the final, corrector points
using the force shape functiofistep ). Finally, the current sec-  of the solution step.
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Fig. 2. Element state determination for displacement-based element/19: 3 Element state determination for force-baskgbrid) element

also shown in Fig. 4, which schematically represents the element,

In the force-based state determination, force equilibrium is sat- section, and bond state determinations.
isfied pointwise along the element because the element section In the first step, the element force incremeAi®y are com-
forces are found from the equilibrated force shape functions, puted by linearizing the element force—deformation relation about
while compatibility of the element section deformations with the the initial point(step a in Table 1, column)3The current section
nodal displacements is only satisfied in an integral sense. This isforcesDg are then computed via the force shape functistep
the dual of the displacement-based state determination. b). The section deformationdg are found by linearizing the
force—deformation relation about the initial point 0, while the
current bond deformationd;, are computed from the current ele-
ment nodal displacements through the displacement shape
The element state determination for the H—R mixed element is afunctions(step ¢. Based on the current section and bond defor-
hybrid between the displacement-based and the force-based statgations(dg and d,,, respectively, the section state determina-
determinations. The bond state determination follows the tions are performed to compute the current section flexibility
displacement-based state determination, in that the bond slips areind the current bond stiffness,, as well as the corresponding
found from the nodal displacements via displacement shape func-section Dgg and bondD,y resisting forces(step d. Next, the
tions. The beam state determination follows the force-based statesection residual deformatiom, are determined by transforming
determination, in that the section forces are computed from thethe section force unbalanceBg— Dg,) through the section flex-
nodal forces via force shape functions. ibility fg (step e.

The last column of Table 1 shows the steps followed in the  Next, the beam contributioffg to the element flexibility is
implementation of the proposed mixed RC frame element with computed as the integral of the section flexibilities. The bond
bond slip. Similarly to the second column of Table 1 for the contributionK, to the element stiffness is computed as the inte-
force-based element, for the sake of brevity the bar is omitted in gral of the bond stiffness along the element. The element stiffness
the element arrayBz andUg,. The hybrid state determination is K is computed as the sum of the beam contributifound by

Hellinger —Reissner Mixed Element
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" g -7 Numerical Validation
' //, d, =Bl?_BU .
e _ The performance of the three aforementioned RC frame elements
’ Db_Db(db) . P . . .
K K, =ky(d,) with bond slip is investigated using the simply supported RC
e e beam of Fig. 5. Because of symmetry, only half of the betma
A 5 cantilever at the bottom of Fig.)3s studied. The cantilever is a

4" d, d; modified version of the specimen tested by Low and Moehle
(1987 and used by Spacone and Limkatan@®00 to investi-

gate the validity of the displacement-based element. The column
cross section is divided into 20 layers. As shown in Fig. 5 the
column cross section has ten No(l&r diametet9.5 mm steel
bars. Bond slip is allowed in all bars. The concrete base and the
adding the rigid body modes to the inverseFgl and ofK,, (step bars are assumed fixed at the column base, in order to simulate
f). The nodal residual displacemerttlg, at the force degrees of the zero axial displacement and zero rotation at midspan of the
freedom are computed based on the current section deformationsimply supported beam.

Fig. 4. Element state determination for Hellinger—Reissner mixed
element

dg and element nodal displacemerits (step g. The element For the steel bard,,=447.5 MPa ande;=200,000 MPa. For
forcesQ are then update(step h. As a result, the section forces the concretef ;=36.5 MPa for the unconfined concrete, afid
Dg are updated using the force shape functitstep ). Finally, =42.1 MPa for the confined core. The confined concrete com-
the section deformationds are updated to reflect the changes in pressive strength was found based on the work by Scott et al.
the corresponding forcestep ). (1982. The concrete tensile strength is neglected. Based on the

Similarly to the force-based procedure, the element forces set of formulas developed by Monti et &.994), the following
found with this procedure are not exact, but represent a first ap-characteristic values are used to describe the bond igw.
proximation. The “exact” forces are found when equilibrium at  =0.254 mm,u2=0.305 mm,u3=1.27 mm, D{;=187.0 kN/mm,
the nodal degrees of freedom is reached. At this point, the vectorand D= 62.4 kN/mm. The notation of Fig. 2 in the companion
of residual deformationtlg, approaches zero. If the hybrid pro- paper(Limkatanyu and Spacone 2005 used for the material
cedure proposed by Spacone et(@R96 is followed, the itera- parameters. The column is subjected to a monotonic lateral dis-
tions continue by looping between stegsand j until Uz, ap- placement inducing flexure about the weak axig-ive Gauss—
proaches zero. Only the beam section properties are updated.obatto integration points were used for the three elements.
during the iterations, while the bond deformations and forces do  Fig. 6 studies the number of elements needed to reach the

not change. Similarly to Fig. 3, poin&*, C*, andD* in Fig. 4 converged solution for the three formulations by comparing the
are the predictor points of the procedure, while poBt€, andD three load-displacement responses. The “exact” response is ob-
are the final, corrector points of the solution step. tained with 32 displacement-based elements. The stiffness

In the proposed mixed state determination, equilibrium be- changes in the load-displacement responses are due to yielding of
tween the section forces and the nodal forces is satisfied point-the reinforcing bars. Fig. (8) shows the response of the
wise through the beam force shape functions. Compatibility be- displacement-based element for an increasing number of elements
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40 4 Table 2. Central Processing Unit Tim@n P700 PCand Number of

Elements Needed for Convergence for Beam of Fig. 5

%01 Displacement- Force- Hellinger—

Number based based Reissner

of CPU Time (Error) CPU Time (Error) CPU Time (Error)
elements (9 (%) (s) (%) (s (%)
1 095 (49.80 185 (0.22 1.07 (150
converged
2 1.70 (16.50 2.20 (0.62
converged

20 4

10

Horizontal Force Py (kN)

(a) Displacement-Based Element —n=32

0 1 2 3 4 5 6 7
Tip Displacement Ay (mm)
4 2.77 (6.69
40 8 5.46 (2.8)
16 10.68 (1.08
30 4 17 11.71 (0.98
converged

20

sonal computer and errors of the three aforementioned RC frame
101 ) elements with different numbers of elements are summarized in
Table 2. The errors were measured by the following expression:

__ pexaci
Pyk Pyk

0 1 2 3 4 5 6 7
Tip Displacement Ay (mm) &L Pi:aet
E=—F— X100 (1)
Nstep
whereE=the percentage erroNge;=the number of applied dis-
placement steps used in the analyiss number is the same for

----------------------------- all analyses of Fig. 6 Pyk:the horizontal forces at sty and
Pﬁza%the “exact” forces at the same step. The results of Table 2

confirm the better accuracy of the force-based and Hellinger—
Reissner mixed elements with respect to the computational cost of
— nea the analyses. The CPU time of a single force-based element is
(c) Hellinger-Reissner Mixed Element —n=8 basically twice that of a single displacement-based element, while
0 . | | ‘ ; ; : the CPU time of the mixed element is comparable to that of the
0 1 2 3 4 5 6 7 displacement-based element. A further study compares the CPU
Tip Displacement Ay {(mm) time necessary to reach convergence. Convergence is defined
when the above-defined err&ris smaller than 1%. The use of
force-based elements leads to the lowest CPU timeeause only
one element is needgdwhile the displacement-based elements
lead to the slowest solutiofbecause 17 elements are needed to
along the column. It is seen that for more than 16 elements thereach convergengeTwo mixed elements are needed to reach
response does not change, indicating convergence of the solutionconvergence, with a convergence time slightly higher than that of
Fig. 6(b) shows that the force-based element is much more accu-the force-based element.
rate, and only one element is necessary to reach convergence. The curvature and moment distributions at the integration
Similarly, Fig. @c) shows that the Hellinger—Reissner mixed el- points along the column corresponding to a tip displacendgnt
ement is also quite accurate, as evidenced by the increase in pre=7.62 mm are shown in Figs.(Z and b, respectively. The re-
cision after yielding of the first bar for two, four, and six ele- sponses of two force-based elements and two H—R mixed ele-
ments. ments are compared. The response with 32 displacement-based
It is noteworthy to point out that for the displacement-based elements is used as reference solution. Two elements are suffi-
element an increase in the number of elements results in a morecient to obtain a good representation of the response with both
flexible response(convergence from aboye while for the force-based and H—R mixed elements. Fi@g) 8hows the curva-
Hellinger—Reissner mixed element, in which the axial and flex- ture distribution, which is truncated at 0.003 mm/mm because the
ural behaviors derive from the force shape functions, an increaselarge curvature jump at the column base does not allow us to
in the number of elements leads to stiffer resporiseavergence show the details of the element characteristics.
from below. The force-based element also converges from For the displacement-based element, Figa and b show
below, but the figure scale hides this phenomenon. Convergenceliscontinuities in the curvature and moment distributions between
from below in the Hellinger—Reissner mixed element and its high adjacent elements, because in this formulation there is neither
precision, closer to that of the force-based element, show how thecompatibility nor equilibrium between two end sections in two
force-shape functiondl" R play a role that is more important  adjacent elements. Similar discontinuities are observed in the cur-
than that of the displacement shape functibiffs® in determining vature and force distributions obtained with two H—R mixed ele-
the element accuracy. Based on the results of Fig. 6, the compu-ments, because the nodal force degrees of freedom are condensed
tational times central processing uf@PU) time on a P700 per-  out, as outlined in the companion pagpart I). The jump in the

Horizontal Force Py (kN)

(b) Force-Based Element —n=3

Nstep

40

30 -

20

AAAAA n=1

Horizontal Force Py (kN)

Fig. 6. Convergence study of three reinforced concrete elements
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N . . oy [
functions would lead to larger moment discontinuities between @ -30
adjacent mixed elemendyoub and Filippou 2000 On the other E 401 \\ region? : regionz Ay= 2,54 mm
hand, the curvature and moment distributions obtained with two R BN EE
. . . o A
force-based elements are continuous. This derives from the fact S 604 Ay=381mm
that since the nodal forces are in equilibrium, and because the 2 2
internal force distributions are in equilibrium with the nodal @ 80 Ay=7.62 mm

forces through the force shape functions, the internal force distri-
butions are continuous. Because the section deformations in therig. 8. Bond force distributions in top steel bars at different tip
force-based element are obtained from the section forces throughdisplacementy,
the section constitutive law, the section deformatiémsrvature
in this casg are also continuous.

It is noteworthy to emphasize that the moment variation along yielded, and whem\,=7.62mm both the top and middle steel
the cantilever column subjected only to a tip lateral load is linear. bars have yielded. In order to obtain a sufficiently accurate rep-
However, the moment distribution with 32 displacement-based resentation of the bond force distributions in the steel bars, the
elements of Fig. () shows a zigzagged shape, because equilib- number of elements is increased from two to six for the H-R
rium is only imposed in an integral sense inside the displacement-mixed element and from one to three for the force-based element.
based element. Furthermore, a jump in the moment is observedJsing displacement-based and H-R mixed elements, satisfaction
near the column base, due to numerical instabilities already ob-of the bond compatibility in a pointwise, strong sense leads to
served in previous studies on displacement-based elements forontinuous bond-slip and bond force distributions between adja-
steel-concrete composite beams with deformable shear studsent elements, while the results obtained using force-based ele-
(Ayoub and Filippou 2000 On the other hand, the moment dis- ments show discontinuous bond force and bond-slip distributions
tributions produced by both the force-based elements and thebetween adjacent elements, because the reference bond forces are
H—R mixed elements are linear. Similar conclusions to those condensed out. Clearly, only three force-based elements and six
drawn from Fig. 7 on the curvature and moment distributions H-R mixed elements adequately represent the bond force distri-
along the cantilever apply to the axial strain and axial force dis- butions obtained with 32 displacement-based elements. For the
tributions. displacement-based and H—R mixed elements, the bond forces at

Fig. 8 shows the bond force distributions in the top steel bars the column base are equal to zero because bond compatibility is
corresponding to tip displacements, of 2.54, 3.81, and 7.62  imposed pointwise. On the other hand, bond compatibility is only
mm. The 2.54, 3.81, and 7.62 mm tip displacements correspondimposed in an integral sense in the force-based formulation. This
to three different states of stress in the steel bars at the columnleads to nonzero bond forces at the column base, even though
base. WhemA,=2.54 mm, all steel bars are still in the linear there is no nodal slip. It is interesting to observe that 4gr
elastic range. WhemA,=3.81 mm, the top steel bars have =3.81 and 7.62 mm, the bond stresses decrease beforeAoint
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Fig. 11. Bond-slip distribution in top bar of reinforced concrete col-
umn of Fig. 9 A,=7.62 mm)

Fig. 9. Reinforced concrete column with anchorage zone

(region 1 and increase after poirk (region 2. This happens

because in region 1 the steel stresses in the top bars are in the ) . )
transient part between the elastic and the perfectly plastic base. It is also evident tha_lt the entire bar anchorage Iengt_h has
branches, while in region 2 the steel stresses in the top bars ardulled out from the foundations. Consequently, the pullout failure
still in the linear elastic region. The steel modulus in the transient in the top bars along the anchorage results in a reduction of the
part drastically decreases from the elastic value to zero, henceload-carrying capacity of the column. The three proposed ele-
leading to a decrease in the bond forces in region 1. ments succeeded in detecting the pullout failure. The force-based
In order to investigate the capability of the proposed RC frame element shows an advantage in terms of overall computational
elements to detect the bar pullout and the resulting load- cost. However, it is important to point out that the force-based
displacement softening response, the anchorage zone was introelement mesh showed some numerical instabilities during the
duced below the column base to reflect the geometric dimensionsstudies that led to a lack of structural convergence in some cases.
of the specimen tested by Low and Moel(1®87. All the steel This is due to the fact that the bond stiffness matrix needs to be
bars were extended 177.8 mm into the anchorage block. The baiinverted during the element state determination. When the bars
ends are free to slip in order to represent the pullout failure. In the pyll out, the bond constitutive law reaches a plateau of zero stiff-
current Study, all the bars have an identical diameter, while three ness, thus |eading to a singu|ar stiffness matrix that cannot be
different bar sizes were used in the original specimen by Low and jnyerted. Once the slips pass the peak and start softening, the
Moehle (1987. The specimen geometry is shown in Fig. 9. The ong tangent stifiness matrix becomes negative definite and is
concrete is assumed rigid in the anchorage block. inverted without problems. On the other hand, both the
The .'Oad'd'Sp'?‘Ce”?e”t diagram obtgmed with the three ele'displacement-based and the H-R element meshes did not show
ments is shown in F'g'. 10. For the displacement-based rnESh’such problems, because the bond behavior is derived from the
there are 32 elements in the column and seven elements in thed. . ol .
isplacement shape functions, and thus the bond-slip stiffness
anchorage zone. For the force-based element mesh, two elementé?oes not need to be inverted
are used in the column and two elements in the anchorage zone. )
Finally, six elements in the column and seven elements in the
anchorage zone are used in the H-R element mesh. Similarly to
the procedure of Fig. 6, the above meshes were obtained by reSummary and Conclusions
fining the mesh for each element type, until convergence was
reached in the response. The bond-slip distributions in the top The state determination of the proposed displacement-based RC
bars corresponding to a tip displaceméit=8.9 mm are shown  element is a lot simpler than those of the force-based and the
in Fig. 11. As expected, the maximum slip occurs at the column mixed formulations. However, this paper shows the far superior
precision of the force-based and of the Hellinger—Reissner mixed
elements. Even though a single displacement-based element is
- much faster than the other two elements, a mesh of several
25 displacement-based elemefighich requires high computational
times is needed to reach an accurate result. On the other hand,
force-based and mixed elements are computationally more de-
manding, but their accuracy leads to the use of far fewer elements
per structural member to reach a converged solution, thus yielding
— Displacement-Based Element a noticeable computational saving when compared with meshes
— Helinger-Reissner Mixed Element of displacement-based elements. The numerical tests performed in
- - - Force-Based Element . . :
‘ . : ‘ . this paper show that the force-based element is slightly more
3 4 5 6 7 8 9 accurate than the mixed element.
Tip Displacement Ay (mm) In the displacement-based element, the bond force and the slip
distributions are continuous over adjacent elements due to the
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Fig. 10. Load-displacement response of reinforced concrete column
of Fig. 9
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