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Reinforced Concrete Frame Element with Bond Interfaces.
II: State Determinations and Numerical Validation

Suchart Limkatanyu1 and Enrico Spacone2

Abstract: This is the second of two papers discussing the theories and applications of three reinforced concrete~RC! frame elements
with bond slip between the reinforcing bars and the concrete. This paper presents the element state determinations for the disp
based, the force-based, and the Hellinger–Reissner mixed formulations. The convergence, accuracy, and computational times o
elements are compared through two numerical examples. The distinctive element characteristics in terms of force and def
discontinuities between adjacent elements are discussed for the three proposed formulations. The ability of these formulations to
overall softening response of RC members due to the pullout failure of the rebars in the anchorage zone is also tested. The ele
all able to capture the drop in member stiffness due to the rebar slip and the failure due to bar pullout. The force-based and t
elements are, however, much more precise than the displacement-based element. The force-based element is slightly more prec
mixed element is numerically more stable.
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Introduction

In recent years, several researchers have investigated the us
assumed force fields for the development of nonlinear frame e
ments. This interest stems from two main observations:~1! in
some simplified cases the internal force distributions in fram
elements are known ‘‘exactly.’’ This is, for example, the case
the reinforced concrete~RC! beam element with perfect bond;~2!
in general, the force fields along the beam are smoother than
deformation fields, which may show large jumps in the inelas
regions, particularly where plastic hinges tend to form~i.e., in
column bases, girder ends, beam midspan, etc.!. While the devel-
opment of elements that use force shape functions is per
simple, the implementation of such elements in existing nonline
structural analysis programs is the real challenge in the elem
formulation.

Mahasuverachai and Powell~1982! used the force-dependen
shape functions to trace the inelastic response of pipes and tub
structures. Kaba and Mahin~1984! proposed the first fiber beam
element, which uses force shape functions to compute the elem
flexibility and the displacement shape functions to compute t
element resisting forces. The element yielded promising resu
but was hampered by convergence problems, especially for s
ening materials such as concrete. The element by Kaba
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Mahin ~1984! was later improved by Zeris and Mahin~1988,
1991!, but their procedure to compute the element stiffness ma
and the element-resisting forces was not entirely general and
quired an ad hoc approach to solve softening problems.

The main problem in implementing elements that exclusive
use force shape functions~i.e., force-based elements! or that mix
displacement and force shape functions~i.e., mixed elements! de-
rives from the displacement-based nature of the nonlinear so
tion schemes used in structural analysis. The assumption of fo
shape functions naturally leads to the element flexibility and
the element displacements that are compatible with the inter
deformation distributions~in beams, these are primarily the axia
strain and the curvature!. However, the nonlinear structural solu
tion schemes typically necessitate the element stiffness and
element forces corresponding to the current nodal displaceme

Ciampi and Carlesimo~1986! were the first to propose the
consistent formulation of force-based elements. Their proced
was refined by Spacone et al.~1996! to develop a force-based
fiber frame element for the nonlinear analysis of RC structur
The element by Spacone et al.~1996! assumes a perfect bond
between the concrete and the rebars, hence leading to an i
nally statically determinate element. The force shape functio
are easily derived from equilibrium and are ‘‘exact’’ within th
Euler–Bernoulli beam theory.

For members that are internally statically indeterminate~such
as steel–concrete composite elements with deformable sh
studs and RC frame elements with bond slip!, the derivation of
the equilibrated force shape functions is not trivial. Salari et
~1998! proposed a procedure to derive the equilibrated for
shape functions for the steel–concrete composite element w
deformable shear studs. The refined version of the element s
determination by Salari et al.~1998! is used for the forced-based
RC frame element proposed in this study. Ayoub and Filipp
~2000! used both force and displacement shape functions to
velop a mixed composite frame element with deformable sh
studs.
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The element state determinations for the displacement-bas
force-based, and Hellinger–Reissner~H–R! mixed RC frame el-
ements with bond slip presented in the companion paper
Limkatanyu and Spacone~2002! are the first items discussed in
this paper. Next, the convergence, accuracy, computational tim
and distinctive characteristics of the three types of elements
discussed through two numerical examples. Finally, the ability
the proposed elements to represent the overall softening respo
of RC members with insufficient anchorage lengths is studied.

Element State Determinations

The elements proposed in this work are implemented in t
general-purpose finite element codeFEAP ~Taylor 2000!. A typical
Newton–Raphson scheme for each of the three element state
terminations is described herein. It should be noted that any ot
nonlinear global solution scheme can be followed. The nonline
program solver compares applied and resisting forces and det
whether equilibrium has been reached, or whether further st
are needed. One load step, labeledk, is schematically shown in
Fig. 1. Superscripti indicates the Newton–Raphson step. Base
on the applied load vectorPk and the current tangent stiffness
matrix, B8, C8, andD8 represent the predictor points.B, C, and
D are the corrector points, and represent the nodal forces in eq
librium with the element resisting forces that correspond to t
current nodal displacements. The final converged displacem
vector is labeledUk.

In a nonlinear structural analysis program, the element ro
tines are responsible for computing the element forces and
element stiffness corresponding to the current nodal displa
ments. This procedure is sometimes called element state dete
nation. The step-by-step element state determinations of the th
frame element formulations presented in Limkatanyu and Sp
cone ~2002! are discussed hereafter. The steps involved in t
three state determinations are summarized in Table 1.

Displacement-Based Element

The state determination for the displacement-based element is
far the simplest, because the element formulation and the non
ear solution algorithms of the finite element code at the structu
degrees of freedom are both displacement based.

The first column in Table 1 summarizes the steps followed
the implementation of the proposed displacement-based RC fra
element with bond slip. The procedure is also shown in Fig.
which schematically represents the element, beam section,
bond state determinations. The current section deformationsdB

Fig. 1. Nodal Newton–Rapshon solution scheme for load step
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and the current bond deformationsdb are computed from the
current element nodal displacementsU via the derivatives of the
displacement shape functions~step c in Table 1, column 1!. Based
on the current section and bond deformations, the section
bond state determinations are performed to compute the cur
section stiffnesskB and bond stiffnesskb , as well as the section
forcesDBR and the bond forcesDbR ~step d!. Next, the current
element stiffness matrixK is calculated from the current section
stiffness and bond stiffness matrices~step f!. Finally, based on the
current section and bond resisting forces, the current elemen
sisting forcesQ are computed~step h!.

In the displacement-based state determination, element c
patibility is satisfied pointwise along the element, for both th
beam and the bond, because the section and bond deforma
are found from the displacement shape functions. On the ot
hand, element equilibrium is only satisfied in an integral sen
because the element forces are found as integrals of the sec
and bond forces.

Force-Based (Force-Hybrid) Element

This is the most challenging element to implement, because
element resisting forces cannot be directly computed from
section resisting forces. This is a well-known issue in force-bas
elements. Their implementation in a displacement-based finite
ement program requires a hybrid approach where the elem
forces are computed from the element displacements and de
mations. Over the years, the element state determination
force-based elements has evolved to include nonlinear str
hardening as well as nonlinear strain softening material behav
The present work uses the approach initially proposed by Spac
et al.~1996! for elements with perfect bond and later extended
Salari et al.~1998! to steel–concrete composite elements wi
deformable shear studs. The original approach by Spacone e
~1996! involves a Newton–Raphson iterative scheme at the e
ment level that is based on the nodal residual deformations.
compatible configuration is reached when the integral of the s
tion deformations equals~within a prescribed tolerance! the cur-
rent nodal displacements computed by the finite element sol
Neuenhofer and Filippou~1997! proposed a simplified procedure
where the iterations are truncated after a first approximation
the element forces is found, thus relying on the iterations at
structural degrees of freedom to find nodal equilibrium and e
ment compatibility. The two approaches are very similar. The fi
one is more precise, but computationally more demanding.

The second column in Table 1 shows the steps followed in
implementation of the proposed force-based RC frame elem
with bond slip. The element forces and deformations are all co
puted without rigid body modes, and the notation used in t
companion paper~Limkatanyu and Spacone 2002! should be fol-
lowed. The element arrays should be writtenQ̄, F̄, K̄ , Ū, r̄ , but
for the sake of brevity the bar is omitted. The hybrid state det
mination is also shown in Fig. 3, which schematically represe
the element, section, and bond state determinations.

The first step is to compute the element force incrementsDQ
and the reference bond force incrementsDQb by linearizing the
element force–deformation relation about the initial point 0~step
a in Table 1, column 2!. The current section forcesDB and bond
forcesDb are found using the force shape functions~step b!. The
section and bond deformationsdB anddb are found by consistent
linearization of the force–deformation relation about the initi
point ~step c!. Based ondB and db , the section and bond state
determinations are performed to compute the current section s
JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002 / 357



Table 1. Steps in element state determinations~Ab52Fbb
21FbB , NBr

FB5NBB
FB1NBb

FBAb , Nbr
FB5NbB

FB1Nbb
FBAb!

Step
Displacement-based

algorithm
Force-based
algorithm

Mixed
algorithm

~a! Element
force increment

DQ5K0DU
DQb5Ab

0DQ2(Fbb
0 )21rb

0
DQR5(FB

0)21TDU

~b! Section and/or
bond forces

DDB5NBB
FBDQ1NBb

FBDQb

DDb5NbB
FBDQ1Nbb

FBDQb

DDB5NF
H–RDQR

DB5DB
01DDB

DB5DB
01DDB

Db5Db
01DDb

~c! Section
and bond
deformations

dB5BB
DBU

db5Bb
DBU

dB5dB
01fB

0DDB

db5db
01fb

0DDb

dB5dB
01fB

0DDB

db5Bb
H–RU

~d! Section
and bond state
determination

kB5kB(dB), DBR5DBR(dB)
kb5kb(db), DbR5DbR(db)

fB5kB
21(dB), DBR5DBR(dB)

fb5kb
21(db), DbR5DbR(db)

fB5kB
21(dB), DBR5DBR(dB)

kb5kb(db), DbR5DbR(db)

~e! Section and/or
bond residual
deformations

dBr5fB(DB2DBR)
dbr5fb(Db2DRb)

dBr5fB(DB2DBR)

~f! Element
stiffness

K5*LBB
DBT

kBBB
DBdx1*LBb

DBT

kbBb
DBdx FBB5*L~NBB

FBT

fBNBB
FB1NbB

FBT

fbNbB
FB!dx

FBb5*L~NBB
FBT

fBNBb
FB1NbB

FBT

fbNbb
FB!dx

FB5*LNF
H–RT

fBNF
H–Rdx

Kb5*LBb
H–RT

kbBb
H–Rdx

Fbb5*L~NBb
FBT

fBNBb
FB1Nbb

FBT

fbNbb
FB!dx T5*LNF

H–RT

BB
H–Rdx

F5FBB2FBbFbb
21FBb

T K5TTFB
21T1Kb

K5(F)21

~g! Element
residual
deformations

Ur 5UBr1Ubr URr5*LNF
H–RT

dBdx2TU

~h! Element
forces

Q5*LBB
DBT

DBRdx1*LBb
DBT

DbRdx Q5Q01DQ2KU r

Qb5Qb
01DQb2AbKU r

Qb5*LBb
H2RT

Dbdx

Q5TT(QR
01DQR)

1Qb2TT(FB)21URr

~i! Section
and/or
bond forces

DB5DB2NBr
FBKU r

Db5Db2Nbr
FBKU r

DB5DB2NF
H–RFB

21URr

~j! Section
and/or bond
deformations

dB5dB1dBr2fBNBr
FBKU r

db5db1dbr2fbNbr
FBKU r

dB5dB1dBr2fBNF
H–RFB

21URr
ct,
nd
At

and
y
n

nesskB and bond stiffnesskb as well as the corresponding beam
sectionDBR and bondDbR resisting forces. The stiffness matrice
are then inverted to compute the section flexibilityfB and the
bond flexibility fb ~step d!. The current section and bond residua
deformations are found by transforming the corresponding for
unbalances~DB2DBR andDb2DbR! into equivalent residual de-
formationsdBr anddbr ~step e!.

The current element flexibility matrixF is computed fromfB

and fb , and is then inverted to get the current element stiffne
matrix K ~step f!. The current element residual deformationsUr

are the sum of the contributions of the current beam residualsUBr

and of the current bond residual deformationsUbr ~step g!. The
current forcesQ and Qb are then updated~step h!. The current
section and bond forces~DB and Db , respectively! are updated
using the force shape functions~step i!. Finally, the current sec-
358 / JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002
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tion deformationsdB and bond slipsdb are updated to reflect the
changes in the corresponding forces~step j!.

The element forces found with this procedure are not exa
but represent a first approximation. The ‘‘exact’’ forces are fou
when equilibrium at the nodal degrees of freedom is found.
this point, the vector of residual deformationsUr approaches zero.
This is the abbreviated procedure proposed by Neuenhofer
Filippou ~1997!. In the original hybrid procedure proposed b
Spacone et al.~1996!, the iterations continue by looping betwee
stepsd and j until the section residualsdBr and dbr , and conse-
quently the element residualsUBr andUbr , approach zero. Finally,
pointsB* , C* , andD* in Fig. 3 are the predictor points of the
procedure, while pointsB, C, andD are the final, corrector points
of the solution step.
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In the force-based state determination, force equilibrium is s
isfied pointwise along the element because the element sec
forces are found from the equilibrated force shape functio
while compatibility of the element section deformations with th
nodal displacements is only satisfied in an integral sense. Th
the dual of the displacement-based state determination.

Hellinger –Reissner Mixed Element

The element state determination for the H–R mixed element
hybrid between the displacement-based and the force-based
determinations. The bond state determination follows t
displacement-based state determination, in that the bond slips
found from the nodal displacements via displacement shape fu
tions. The beam state determination follows the force-based s
determination, in that the section forces are computed from
nodal forces via force shape functions.

The last column of Table 1 shows the steps followed in t
implementation of the proposed mixed RC frame element w
bond slip. Similarly to the second column of Table 1 for th
force-based element, for the sake of brevity the bar is omitted
the element arraysF̄B andŪRr . The hybrid state determination is

Fig. 2. Element state determination for displacement-based elem
at-
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also shown in Fig. 4, which schematically represents the eleme
section, and bond state determinations.

In the first step, the element force incrementsDQR are com-
puted by linearizing the element force–deformation relation abo
the initial point~step a in Table 1, column 3!. The current section
forcesDB are then computed via the force shape functions~step
b!. The section deformationsdB are found by linearizing the
force–deformation relation about the initial point 0, while the
current bond deformationsdb are computed from the current ele-
ment nodal displacementsU through the displacement shape
functions~step c!. Based on the current section and bond defor
mations ~dB and db , respectively!, the section state determina-
tions are performed to compute the current section flexibilityfB

and the current bond stiffnesskb , as well as the corresponding
section DBR and bondDbR resisting forces~step d!. Next, the
section residual deformationsdBr are determined by transforming
the section force unbalances (DB2DBr) through the section flex-
ibility fB ~step e!.

Next, the beam contributionFB to the element flexibility is
computed as the integral of the section flexibilities. The bon
contributionKb to the element stiffness is computed as the inte
gral of the bond stiffness along the element. The element stiffne
K is computed as the sum of the beam contribution~found by

entFig. 3. Element state determination for force-based~hybrid! element
JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002 / 359



is
m-
m-
ib-
ly

nts
C

le

mn
e

the
late
the

m-
al.
the

is-

the
e

ob-
ss

g of

nts
adding the rigid body modes to the inverse ofFB! and ofKb ~step
f!. The nodal residual displacementsURr at the force degrees of
freedom are computed based on the current section deformati
dB and element nodal displacementsU ~step g!. The element
forcesQ are then updated~step h!. As a result, the section forces
DB are updated using the force shape functions~step i!. Finally,
the section deformationsdB are updated to reflect the changes in
the corresponding forces~step j!.

Similarly to the force-based procedure, the element force
found with this procedure are not exact, but represent a first a
proximation. The ‘‘exact’’ forces are found when equilibrium at
the nodal degrees of freedom is reached. At this point, the vec
of residual deformationsURr approaches zero. If the hybrid pro-
cedure proposed by Spacone et al.~1996! is followed, the itera-
tions continue by looping between stepsd and j until URr ap-
proaches zero. Only the beam section properties are upda
during the iterations, while the bond deformations and forces d
not change. Similarly to Fig. 3, pointsB* , C* , andD* in Fig. 4
are the predictor points of the procedure, while pointsB, C, andD
are the final, corrector points of the solution step.

In the proposed mixed state determination, equilibrium be
tween the section forces and the nodal forces is satisfied poi
wise through the beam force shape functions. Compatibility b

Fig. 4. Element state determination for Hellinger–Reissner mixe
element
360 / JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002
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tween the section deformations and the nodal displacements
satisfied only in an integral sense. On the other hand, bond co
patibility is satisfied pointwise, because the bond slips are co
puted through the displacement shape functions, while equil
rium between the bond forces and the nodal forces is on
satisfied in an integral sense.

Numerical Validation

The performance of the three aforementioned RC frame eleme
with bond slip is investigated using the simply supported R
beam of Fig. 5. Because of symmetry, only half of the beam~the
cantilever at the bottom of Fig. 5! is studied. The cantilever is a
modified version of the specimen tested by Low and Moeh
~1987! and used by Spacone and Limkatanyu~2000! to investi-
gate the validity of the displacement-based element. The colu
cross section is divided into 20 layers. As shown in Fig. 5 th
column cross section has ten No. 3~bar diameter59.5 mm! steel
bars. Bond slip is allowed in all bars. The concrete base and
bars are assumed fixed at the column base, in order to simu
the zero axial displacement and zero rotation at midspan of
simply supported beam.

For the steel bars,f y5447.5 MPa andEs5200,000 MPa. For
the concretef c8536.5 MPa for the unconfined concrete, andf c8
542.1 MPa for the confined core. The confined concrete co
pressive strength was found based on the work by Scott et
~1982!. The concrete tensile strength is neglected. Based on
set of formulas developed by Monti et al.~1994!, the following
characteristic values are used to describe the bond law.ub

1

50.254 mm,ub
250.305 mm,ub

351.27 mm , Db
15187.0 kN/mm,

and Db
3562.4 kN/mm. The notation of Fig. 2 in the companion

paper~Limkatanyu and Spacone 2002! is used for the material
parameters. The column is subjected to a monotonic lateral d
placement inducing flexure about the weak axisy. Five Gauss–
Lobatto integration points were used for the three elements.

Fig. 6 studies the number of elements needed to reach
converged solution for the three formulations by comparing th
three load-displacement responses. The ‘‘exact’’ response is
tained with 32 displacement-based elements. The stiffne
changes in the load-displacement responses are due to yieldin
the reinforcing bars. Fig. 6~a! shows the response of the
displacement-based element for an increasing number of eleme

d

Fig. 5. Reinforced concrete reference structure
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along the column. It is seen that for more than 16 elements th
response does not change, indicating convergence of the solutio
Fig. 6~b! shows that the force-based element is much more acc
rate, and only one element is necessary to reach convergen
Similarly, Fig. 6~c! shows that the Hellinger–Reissner mixed el-
ement is also quite accurate, as evidenced by the increase in p
cision after yielding of the first bar for two, four, and six ele-
ments.

It is noteworthy to point out that for the displacement-based
element an increase in the number of elements results in a mo
flexible response~convergence from above!, while for the
Hellinger–Reissner mixed element, in which the axial and flex
ural behaviors derive from the force shape functions, an increa
in the number of elements leads to stiffer responses~convergence
from below!. The force-based element also converges from
below, but the figure scale hides this phenomenon. Convergen
from below in the Hellinger–Reissner mixed element and its hig
precision, closer to that of the force-based element, show how th
force-shape functionsNF

H–R play a role that is more important
than that of the displacement shape functionsNu

H–R in determining
the element accuracy. Based on the results of Fig. 6, the comp
tational times central processing unit~CPU! time on a P700 per-

Fig. 6. Convergence study of three reinforced concrete elements
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sonal computer and errors of the three aforementioned RC fram
elements with different numbers of elements are summarized
Table 2. The errors were measured by the following expression

E5

(
k51

NstepUPyk
2Pyk

exact

Pyk

exact U
Nstep

3100 (1)

whereE5the percentage error,Nstep5the number of applied dis-
placement steps used in the analysis~this number is the same for
all analyses of Fig. 6!, Pyk

5the horizontal forces at stepk, and
Pyk

exact5the ‘‘exact’’ forces at the same step. The results of Table 2

confirm the better accuracy of the force-based and Hellinger
Reissner mixed elements with respect to the computational cost
the analyses. The CPU time of a single force-based element
basically twice that of a single displacement-based element, whi
the CPU time of the mixed element is comparable to that of th
displacement-based element. A further study compares the CP
time necessary to reach convergence. Convergence is defin
when the above-defined errorE is smaller than 1%. The use of
force-based elements leads to the lowest CPU time~because only
one element is needed!, while the displacement-based elements
lead to the slowest solution~because 17 elements are needed to
reach convergence!. Two mixed elements are needed to reach
convergence, with a convergence time slightly higher than that o
the force-based element.

The curvature and moment distributions at the integration
points along the column corresponding to a tip displacementDy

57.62 mm are shown in Figs. 7~a and b!, respectively. The re-
sponses of two force-based elements and two H–R mixed el
ments are compared. The response with 32 displacement-bas
elements is used as reference solution. Two elements are su
cient to obtain a good representation of the response with bo
force-based and H–R mixed elements. Fig. 7~a! shows the curva-
ture distribution, which is truncated at 0.003 mm/mm because th
large curvature jump at the column base does not allow us t
show the details of the element characteristics.

For the displacement-based element, Figs. 7~a and b! show
discontinuities in the curvature and moment distributions betwee
adjacent elements, because in this formulation there is neith
compatibility nor equilibrium between two end sections in two
adjacent elements. Similar discontinuities are observed in the cu
vature and force distributions obtained with two H–R mixed ele
ments, because the nodal force degrees of freedom are conden
out, as outlined in the companion paper~part I!. The jump in the

Table 2. Central Processing Unit Time~on P700 PC! and Number of
Elements Needed for Convergence for Beam of Fig. 5

Number
of
elements

Displacement-
based

Force-
based

Hellinger–
Reissner

CPU Time
~s!

~Error!
~%!

CPU Time
~s!

~Error!
~%!

CPU Time
~s!

~Error!
~%!

1 0.95 ~49.80! 1.85 ~0.22! 1.07 ~1.50!

converged
2 1.70 ~16.50! 2.20 ~0.62!

converged
4 2.77 ~6.65!
8 5.46 ~2.81!
16 10.68 ~1.08!
17 11.71 ~0.98!

converged
JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002 / 361
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moment distribution for two H–R mixed elements is quite smal
in Fig. 7~b! and is not clearly visible. Higher order force shape
functions would lead to larger moment discontinuities betwee
adjacent mixed elements~Ayoub and Filippou 2000!. On the other
hand, the curvature and moment distributions obtained with tw
force-based elements are continuous. This derives from the fa
that since the nodal forces are in equilibrium, and because th
internal force distributions are in equilibrium with the nodal
forces through the force shape functions, the internal force distr
butions are continuous. Because the section deformations in t
force-based element are obtained from the section forces throu
the section constitutive law, the section deformations~curvature
in this case! are also continuous.

It is noteworthy to emphasize that the moment variation alon
the cantilever column subjected only to a tip lateral load is linea
However, the moment distribution with 32 displacement-base
elements of Fig. 7~b! shows a zigzagged shape, because equilib
rium is only imposed in an integral sense inside the displacemen
based element. Furthermore, a jump in the moment is observ
near the column base, due to numerical instabilities already o
served in previous studies on displacement-based elements
steel–concrete composite beams with deformable shear stu
~Ayoub and Filippou 2000!. On the other hand, the moment dis-
tributions produced by both the force-based elements and th
H–R mixed elements are linear. Similar conclusions to thos
drawn from Fig. 7 on the curvature and moment distribution
along the cantilever apply to the axial strain and axial force dis
tributions.

Fig. 8 shows the bond force distributions in the top steel bar
corresponding to tip displacementsDy of 2.54, 3.81, and 7.62
mm. The 2.54, 3.81, and 7.62 mm tip displacements correspon
to three different states of stress in the steel bars at the colum
base. WhenDy52.54 mm, all steel bars are still in the linear
elastic range. WhenDy53.81 mm, the top steel bars have

Fig. 7. Curvature and moment distributions at integration points fo
tip displacementDy57.62 mm
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yielded, and whenDy57.62 mm both the top and middle stee
bars have yielded. In order to obtain a sufficiently accurate re
resentation of the bond force distributions in the steel bars, t
number of elements is increased from two to six for the H–
mixed element and from one to three for the force-based eleme
Using displacement-based and H–R mixed elements, satisfac
of the bond compatibility in a pointwise, strong sense leads
continuous bond-slip and bond force distributions between ad
cent elements, while the results obtained using force-based e
ments show discontinuous bond force and bond-slip distributio
between adjacent elements, because the reference bond force
condensed out. Clearly, only three force-based elements and
H–R mixed elements adequately represent the bond force dis
butions obtained with 32 displacement-based elements. For
displacement-based and H–R mixed elements, the bond force
the column base are equal to zero because bond compatibility
imposed pointwise. On the other hand, bond compatibility is on
imposed in an integral sense in the force-based formulation. T
leads to nonzero bond forces at the column base, even tho
there is no nodal slip. It is interesting to observe that forDy

53.81 and 7.62 mm, the bond stresses decrease before poinA

r

Fig. 8. Bond force distributions in top steel bars at different tip
displacementDy



has
re
the
le-
ed

nal
d
he
es.
be
ars
ff-
be
the
is

e
how
the
ss

RC
the
ior
ed
t is
ral

nd,
de-
nts
ing
es

d in
re

slip
the

-

~region 1! and increase after pointA ~region 2!. This happens
because in region 1 the steel stresses in the top bars are in
transient part between the elastic and the perfectly plas
branches, while in region 2 the steel stresses in the top bars
still in the linear elastic region. The steel modulus in the transie
part drastically decreases from the elastic value to zero, hen
leading to a decrease in the bond forces in region 1.

In order to investigate the capability of the proposed RC fram
elements to detect the bar pullout and the resulting loa
displacement softening response, the anchorage zone was in
duced below the column base to reflect the geometric dimensio
of the specimen tested by Low and Moehle~1987!. All the steel
bars were extended 177.8 mm into the anchorage block. The
ends are free to slip in order to represent the pullout failure. In th
current study, all the bars have an identical diameter, while thr
different bar sizes were used in the original specimen by Low an
Moehle ~1987!. The specimen geometry is shown in Fig. 9. The
concrete is assumed rigid in the anchorage block.

The load-displacement diagram obtained with the three el
ments is shown in Fig. 10. For the displacement-based me
there are 32 elements in the column and seven elements in
anchorage zone. For the force-based element mesh, two elem
are used in the column and two elements in the anchorage zo
Finally, six elements in the column and seven elements in th
anchorage zone are used in the H–R element mesh. Similarly
the procedure of Fig. 6, the above meshes were obtained by
fining the mesh for each element type, until convergence w
reached in the response. The bond-slip distributions in the t
bars corresponding to a tip displacementDy58.9 mm are shown
in Fig. 11. As expected, the maximum slip occurs at the colum

Fig. 9. Reinforced concrete column with anchorage zone

Fig. 10. Load-displacement response of reinforced concrete colum
of Fig. 9
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base. It is also evident that the entire bar anchorage length
pulled out from the foundations. Consequently, the pullout failu
in the top bars along the anchorage results in a reduction of
load-carrying capacity of the column. The three proposed e
ments succeeded in detecting the pullout failure. The force-bas
element shows an advantage in terms of overall computatio
cost. However, it is important to point out that the force-base
element mesh showed some numerical instabilities during t
studies that led to a lack of structural convergence in some cas
This is due to the fact that the bond stiffness matrix needs to
inverted during the element state determination. When the b
pull out, the bond constitutive law reaches a plateau of zero sti
ness, thus leading to a singular stiffness matrix that cannot
inverted. Once the slips pass the peak and start softening,
bond tangent stiffness matrix becomes negative definite and
inverted without problems. On the other hand, both th
displacement-based and the H–R element meshes did not s
such problems, because the bond behavior is derived from
displacement shape functions, and thus the bond-slip stiffne
does not need to be inverted.

Summary and Conclusions

The state determination of the proposed displacement-based
element is a lot simpler than those of the force-based and
mixed formulations. However, this paper shows the far super
precision of the force-based and of the Hellinger–Reissner mix
elements. Even though a single displacement-based elemen
much faster than the other two elements, a mesh of seve
displacement-based elements~which requires high computational
times! is needed to reach an accurate result. On the other ha
force-based and mixed elements are computationally more
manding, but their accuracy leads to the use of far fewer eleme
per structural member to reach a converged solution, thus yield
a noticeable computational saving when compared with mesh
of displacement-based elements. The numerical tests performe
this paper show that the force-based element is slightly mo
accurate than the mixed element.

In the displacement-based element, the bond force and the
distributions are continuous over adjacent elements due to

n

Fig. 11. Bond-slip distribution in top bar of reinforced concrete col
umn of Fig. 9 (Dy57.62 mm)
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strong satisfaction of the bond compatibility, while the intern
force and deformation distributions are discontinuous between
jacent elements due to the weak satisfaction of the equilibriu
conditions. In the force-based element, the bond force and
bond-slip distributions over adjacent elements are discontinuo
due to the condensation of the element bond forces, while
internal force and deformation distributions are continuous ov
adjacent elements due to the enforcement of equilibrated fo
shape functions. In the Hellinger–Reissner mixed element,
bond force and the bond-slip distributions over adjacent eleme
are continuous due to the strong satisfaction of the bond comp
ibility, while the internal force and deformation distributions ar
discontinuous over adjacent elements due to the condensatio
the element force degrees of freedoms.

The example of a RC cantilever column with insufficient an
chorage length in the rebars is used to test the elements’ capab
of representing the softening response of a RC member with
pullout. While all three elements can trace the softening respo
of the column, the force-based and mixed elements are far m
precise. During the analyses it was observed that the force-ba
element has some numerical problems when the bars start pul
out. This is due to the fact that the force-based state determina
requires inversion of the bond stiffness matrix. This matrix b
comes singular when the bars start pulling out. On the other ha
both the displacement-based and the Hellinger–Reissner mi
elements easily pass this point, because their state determinat
do not require inversion of the bond stiffness matrix.

The development of the proposed RC elements with bond s
is a step forward in establishing a computational framework th
permits the nonlinear static and dynamic analysis of RC fram
including the effects of bond slip. The next step in this direction
to develop node elements that allow the connection between
ferent frame elements, in particular beam-to-column elements
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