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Introduction applications of solid finite elements developed for the analysis of
RC structures including the effects of bond slip are found in Ngo
The accurate modeling of the bond-slip effects is central in as- and Scordelig1967), Nilson (1971, Kwak and Filippou(1995,
sessing the seismic performance of reinforced conc(RI€) and more recently, Lowed 999. Analyses performed with solid
frames under both monotonic and cyclic loads. Under the as-€lements provide greater details but are hampered by high com-
sumption of full bond between the concrete and the reinforcing putational efforts. Only structural components or small frames
bars, the stiffness and strength of RC structures are overestimatedsan be realistically studied using solid elements. For the nonlinear
as is the energy dissipated during the loading cycles. A number ofanalysis of entire frames under monotonic and cyclic loads, frame
experimental tests on RC subassemblages have shown the redu@lements capture the main characteristics of the structural re-
tion in stiffness due to slip in the reinforcing bars above the foun- sponse with reasonable computational costs. This work focuses
dations and in the beam—column connections. Bar pullouts, whichon the development of a new family of 1D frame elements for RC
may be experienced in older structures with insufficient bar an- members with bond slip.
chorages or bar splices, drastically reduce the strength of the RC  Filippou and Iss&1988, and Filippou et al(1999 proposed a
members. In order to realistically describe the behavior of RC so-called subelement frame element model, where the different
structures in static and dynamic nonlinear structural analysis, thesources of material nonlinearitig®.g., bending deformations,
inclusion of the bond-slip effects is essential. shear deformations, bond sliare represented by separate subele-
Several analytical models that include the bond-slip effects in ments. Rubiano-Benavidé3998 proposed a fiber frame model
the response of RC structures have been proposed in the pubwith nonlinear rotational springs at the member ends that account
lished literature. These models are classified here into two groups:for the bond slip. Monti and Spacorf2000 combine the force-
(1) solid two-dimensional or three-dimensional finite element based fiber beam element by Spacone et1#96 with the rein-
models based on a continuum approa@;line one-dimensional  forcing bar element with bond slip by Monti et 41997. This
(1D) frame elements based on the beam theory. Examples andast model is probably the most refined RC frame element with
bond slip proposed to date. It relies on the simple idea that the
Y ecturer, Dept. of Civil Engineering, Prince of Songkla Univ., total steel fiber strain at a cross section is the actual steel strain
Hadyai, Thailand 90110. plus a strain equivalent to the bar slip. Although effective and
2Associate Professor, Dept. of Civil, Environmental, and Architectural precise, this model requires a complex and computationally de-
Engineering, Univ. of Colorado, Boulder, CO 80309-0428. E-mail: manding fiber state determination.
spacone@colorado.edu o , _ The RC frame elements with bond slip proposed in this work
Note. Associate Editor: Marc I. Hoit. Discussion open until August 1, 5.a different from those published to date in that different degrees

2002. Separate discussions must be submitted for individual papers. Toyt qe0qom are used for the concrete beam and for the bars with
extend the closing date by one month, a written request must be filed with

the ASCE Managing Editor. The manuscript for this paper was submitted bond slip. In pther words, _the bond slip between the St?e' bar ar_1d
for review and possible publication on February 21, 2001; approved on the surrounding concrete is computed directly as the difference in

August 17, 2001. This paper is part of theurnal of Structural Engi- the steel and concrete displacements at the bar level. Spacone and
neering Vol. 128, No. 3, March 1, 2002. ©ASCE, ISSN 0733-9445/ Limkatanyu (2000 have already successfully tested the general
2002/3-346—355/$8.08%$.50 per page. idea with the simple, displacement-based formulation. The result-
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Fig. 1. Reinforced concrete beam element with bond slip: beam and
bar components

ing model is computationally robust, but not very accurate. It is
used hereafter as a reference model.

tions are considered in the undeformed configuration. Axial equi-
libriums in the beam component and in the balead to the
following equations:

n

dN
5(X) +|§l Dyi(X)=0

dx

@
dN;(x)

dx

whereNg(x) =the axial forces in the beam amj(x) =the axial
forces in the bar, respectivelyD;(x) =the bond interface force

between the beam and baertical equilibrium of the infinitesi-
mal segmentx yields

dVg(x)
— g Py(x)=0

—Dbi(x)=0, i=1n

()

whereVg(x) =the beam section shear force gngx) =the trans-
verse distributed load. Finally, moment equilibrium yields
dMg(x)
dx

n
—vB<x>—i21yiDbi<x>=o ®)
where Mg(x) =the beam section bending moment, ane-the
distance of baii from the element reference axiBig. 1). This
work follows the Euler—Bernoulli beam theory, thus the shear
deformations are neglected. The shear forgéx) is removed by
combining Egs(2) and(3) to obtain

- py(x) - ZL Yi

Egs.(1) and(4) represent the governing equilibrium equations

d?Mg(x)

dDypi(x)
dx? =0

ax (4)

This paper presents the general theoretical framework of the of the RC frame element with bond slip. Eq$) and(4) can be
displacement-based, force-based, and two-field mixed formula-written in the following matrix form:

tions of RC frame elements with bond slip in the steel bars. The

beam section force—deformation relations are derived from the

fiber section model. The derivation of the governing differential
equations(strong form of the RC frame element with bond in-

terfaces is presented first. The three different element formula-

tions (weak form$ are presented next and form the core of this

paper. The displacement-based element derives from the principle_
of stationary potential energy functional. The force-based elementfe

derives from the principle of stationary complementary potential
energy functional. The two-field mixed element derives from the
principle of stationary Hellinger—Reissn¢—R) mixed func-
tional. The Tonti’s diagrams are used to concisely illustrate the
governing equations of both the strong and the weak forms. A
companion papefLimkatanyu and Spacone 2008&8iscusses the
implementation issues of the three different formulations in a

95Dg(X) — 95 Dp(X) —p(X) =0 ()
where Dg(x) ={D(x):D(x)} "=the element section forceB(x)
={Ng(x) Mg(x)}"=the beam section forces, D(x)
={Ny(x)...N,(x)}T=the bar forces, Dy(X)
{Dpi(X)...Dpn(X)}T=the bond section forces, ang(x)

{0 p,(x) 0...0}T=the element force vectodg anda, are dif-
rential operators defined in the Notation. It is important to point
out that there arer2+2 internal force unknowns, while only

+2 equilibrium equations are available at any element section.
Consequently, this system is internally statically indeterminate
and the internal forces cannot be determined solely by the equi-
librium conditions.

general-purpose nonlinear structural analysis software and pre-Compatibility

sents a set of applications and parametric studies.

Equations of Reinforced Concrete Frame Element
with Bond Slip (Strong Form )

Equilibrium

The free body diagram of an infinitesimal segmeixt of RC
frame element witm bars with bond interfaces is shown in Fig. 1.

The element section deformation vector conjugateDg{x) is
dg(x)={d(x):d(x)}T, where d(x)={eg (X)kg(x)}T are the
beam section deformatioriaxial straineg at reference axis and
curvature k), and d(x)={e,(x)...e,(x)}T contains the axial
strains of then bars. The following displacements are defined at
the element levelu(x)={u(x):0(x)}" are the displacement
fields along the element, whetéx)={ug(x) vg(x)}" contains

the beam axial and transverse displacements, respectively, and
a(x) ={u;(x)...u,(x)}" contains the axial displacements of the

Only bond stresses tangential to the bars are considered in thisars.

formulation. The dowel effect in the bars is neglected. Based on
the small-deformation assumption, all of the equilibrium condi-

From the small deformation assumption, the element deforma-
tions are related to the element displacements through the follow-
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Fig. 2. Reinforced concrete beam element: section fiber discretiza-
tion and material uniaxial laws

ing compatibility relations: eg(x) =dug(x)/dx, kg(x)
=d%vg(x)/dx?, ande;(x)=du;(x)/dx, which can be written in
the following matrix form:

dB(X):aBU(X) (6)

The bond slips are determined by the following compatibility
relation between the beam and the bar displacements:

dvg(x)
—ax_ (7

whereu,;(x) =the bond slip between the beam and badf the
bond deformation vectord,(X)={uy(X)...Uyn(X)}" is intro-
duced, Eq(7) can be written in the following matrix form:

dp(X) = apu(x)

Upi(X) = Uj(X) —ug(X) +y;

®)

Force —Deformation Relations

compatibility
equilibrium
d,=0,u

o'D,-0'D, ~p=
d, =9, u 3D —0,D,~p=0

| |

section constitutive law DB =D (d )
d; (x).d, (x) ———| D, (x), D, (x)

bond constitutive law D p = D 5 (d 5 )

Fig. 3. Tonti’'s diagram for reinforced concrete beam with bond slip:
differential equationgstrong form)

where D3(x), D2(x), k3(x), andkd(x)=the section and bond
force vectors and stiffness matrices at the initial point. The con-
sistent inverse of Eq9) can be expressed in the following forms:
dg(x) =d3(x) + Adg(x)=d3(x) + f3(x) ADg(x) (10)
dp(X)=d2(x) + Ady(x) = d2(x) + f2(x) ADy(x)

whered3(x), d2(x), f5(x), andfl(x)=the section and bond de-
formation vectors and flexibility matrices at the initial point. In
the above equations and throughout the paper, superscript 0O
=the value of a vector or matrix at the initial point of the non-
linear scheme.

The compatibility, equilibrium, and constitutive equations for
the RC frame element with bond slip presented above are conve-
niently represented in the classical Tonti’s diagram of Fig. 3. This
diagram is going to be modified for the different element formu-
lations. Finally, for the sake of brevity, the transverse |pagk)
is omitted in the following derivations.

Finite Element Formulations (Weak Form)

Three different finite element formulations are presented in this
paper:(1) a displacement-based formulatidi2) a hybrid force-
based formulation; antB) a mixed formulation.

Displacement-Based Formulation

The displacement-based formulation was originally presented in
Spacone and Limkatany@000 and is briefly summarized here.

The nonlinear nature of the proposed elements derives entirelyThe element nodal disp]acemeMServe as the primary element

from the nonlinear relation between the section forEggx),
D,(x), and the section deformatiaty(x), dp(x). In the proposed
formulations, the fiber section model shown in Fig. 2 is used to
derive the constitutive laviDg=Dg(dg). The fiber model auto-
matically accounts for the coupling between axial and bending
responses. The Kent and P&il©7]) law is used for the concrete
fibers. The Menegotto and Pint@973 law is used for the bars.
The explicit expression for the fiber beam section force deforma-
tion is given in Spacone et d11996. For the bond-slip constitu-
tive relationsD,=Dy(dy), the Eligehausen et a(1983 law is
used. All of these uniaxial laws are shown in Fig. 2.
In the following formulations, the section and bond-slip non-
linear laws are linearized according to the following forms:
Dg(x)=DY(x) + ADg(x)=DY(x) + k3 (x) Adg(x) ©)
Dp(X)=DY(x) + ADy(x) = DR(x) + kp(X) Ady(X)
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unknowns. The section displacemen{x) are related to the ele-
ment nodal displacements through appropriate displacement
shape functions. The section deformatiai}¢x) and bond slip
dy(x) are determined through the beam compatibility &j).and

the bond-interface compatibility E48), respectively. Therefore,
the compatibility conditions are satisfied pointwise. On the other
hand, the equilibrium conditions are only satisfied in the integral
sense through the principle of stationary potential energy. The
above steps are summarized in Tonti’s diagram of Fig. 4 for the
displacement-based element. If the total potential energy func-
tional is defined as

Mpd u(x)]= fLqu)[agDB(x)—aEDb(xndx (11)

Equilibrium is found by imposing that the first variation Bfs¢
be equal to zero



u (x) strong form
---------- weak form 1
compatibility equili blrium
d;=0;u
8= o1, = [su” (9D, -3]D, )dx=0
db = 6,, u L )
section constitutive law D g = D B (d B) '
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bond constitutive law Db =D b (d h)

Fig. 4. Tonti's diagram for reinforced concrete beam with bond slip:

displacement-based formulation

SIpg du(x)]= fLauT(xMaEDB(x)—aEDb<x>]dx=o (12)

Upon substitution of the section linearized constitutive laws Egs.

(9) and(12) are written
fauT<x){ag[Dg<x)+kg(x)aBAu(x)]—ag[Dg(x)
L

+kJ(x)apAu(x)]}dx=0 (13)

whered u(x) =a compatible virtual displacement field. In order to

move the differential operators andd,, from the force vectors
Dg(x) andDy(x) to the virtual displacement fieldsu(x), inte-
gration by parts is applied to E¢L3), leading to

{aB[au(x)]]T k3x) 0 [aB[Au(x)]]d
fL dp[BU(X)] X

0 K |laplAux)]
=auTP—f{aB[auT(x)]Dg(x)+ab[5uT(x)]Dg(x)}dx
L

(14)
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Fig. 5. Two-node displacement-based reinforced concrete element

KO=KZ+Kp
-0 0
Q°=Qp+Qp

K§ andK{ are the beam and bond contributions, respectively, to
the element stiffness matrix

(18)

Kg=f BDB'(x)k3(x)B2B(x)dx
) (19)

K= fLBEBT(x)kg(x)BEB(x)dx

QY =the beam contribution ar@?=the bond contributions to the
element resisting forces

QY= f BDB'(x)DY(x)dx
: (20)

Q= f LBEBT(X)Dg(x)dx

The right-hand side of Eq17) is the force residual corresponding
to the weak statement of the equilibrium E&) and vanishes
when the equilibrium configuration is reached.

The element used in this paper comprises a two-node beam,
plus n two-node bars with bond interfacéBig. 5). Higher order

wheredU'P derives from the boundary terms and represents the glements were also considered during the element development,

external virtual work done by the virtual nodal displacemeitils
on the externally applied nodal forc& Eq. (14) is the funda-

but the gain in element precision was outweighed by the element
complexity and additional computational effort. The two-node el-

mental equation for the displacement-based finite element formu-ement has a linear axial displacement field in the beam and in the
lation of the RC frame element with bond slip. The element dis- pars with bond interfaces, a cubic transverse displacement field in

placementsi(x) are related to the nodal displacemedtthrough
the displacement shape functioNg®(x)

mm] _ { NZ2(X)

u(x):{ﬁ(x) NEB(x)} U=Ny(x)U (15)

the beam, and quadratic slip fields along the interfaces. These
proposed displacement fields satisfy B8 and C! continuities

for the axial and transverse displacements required by the varia-
tional indices in Eq.(13). More details on the element shape
functions and on the element formulation are given in Spacone

where the superscript DB denotes the displacement-based formuand Limkatanyu(2000. The two-node displacement-based ele-

lation. It follows that dg(x)=Bg2(x)U and dy(x)=BR®(x)U,
whereBgP(x) =3gND®(x) and Bp®(x) =a,N2%(x). Upon substi-
tution of Eq.(15) into Eq.(14) and from the arbitrariness &fU

B2B(x)| [ka(x) 0 |[BDB(x)
fL B5°(X)

0 K(x)|[BRX)
—p- J BDE'(x) DY(x)dx— f BPB'(x)DO(x)dx  (16)
L L

]dxAU

Eq. (16) is written in the compact form
KPAU=P—-Q° a7

whereK °=the element stiffness matrix ar@’ contains the ele-
ment resisting forces

ment, although numerically stable, is not very accurate and is
used primarily as a reference model for the following, more ad-
vanced formulations.

Force-Based (Force-Hybrid) Formulation

The force-based formulation stems from the force-based steel—
concrete composite beam element with partial interaction pro-
posed by Salari et a[1998. The force-based formulation is de-
rived from the total complementary potential energy functional
and is the dual of the displacement-based formulation. The ele-
ment internal force field®g(x) andDy(x) serve as the primary
unknowns and are expressed in terms of the element nodal forces
through appropriate force shape functions. The force shape func-
tions are derived such that the equilibrium equati)sare sat-
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Fig. 6. Tonti's diagram for reinforced concrete beam with bond slip:
force-based formulation

placements without rigid body modedhe element is formulated
without rigid body modes in view of its implementation in a
general-purpose finite element code, which requires inversion of
the element flexibility matrixSpacone et al. 1996Eq. (24) is

the fundamental equation of the force-based finite element formu-
lation. To obtain the discrete form of E(R4), the section forces
Dg(x) and the bond-interface forc&g,(x) are expressed in terms

of the element nodal forces without rigid body modgsand of

the bond-interface forced, at selected reference points along the
interface, according to the following matrix relation:

5 RS

NE&(X)

NEB(X)

Dg(x)

Dp() (25)

isfied pointwise along the element. On the other hand, the beam

compatibility equation(6) and the bond compatibility equation

N5 (%)
where the superscript FB denotes the force-based formulation,

(8) are satisfied only in an integral sense. The steps involved in @nd N5a(x), Ng5(x), NG5(x), and N5g(x) are the force shape
the force-based formulation are schematically represented infunctions. Substitution of Eq(25) into Eq. (24) and from the

Tonti 's diagram(Fig. 6).
The total complementary potential energy functiolglpg is

HcpE{DB(X)Db(X)]:JLDE(X)[dB(X)—asU(X)]dX

+f Da(X)[dj(x) —dpu(x)Jdx (21)
L

According to the principle of stationary complementary poten-
tial energy, the compatible configuration is obtained whkgpe
reaches a stationary value, i.e., when

Sl cpd 8Dg(X),d8Dp(X)]= JLSDE(X)[dB(X) —dgu(x)]dx

+fSDE(X)[db(x)—abu(x)]dx=O
L

(22)

Upon substitution of the section linearized laws, E4$) and
(22) are written

3 cpe= fLaDg(x)[dg(x)+fg(x)ADB(x)—aBu(x)]dx

+ J 3Dy () [d2(x) +fA(X) ADp(x) — dpu(x)]dx=0
L

(23)

wheredDg(x) anddDy(x)=the virtual, equilibrated section and
bond-interface force fields, respectively, af@{x) and f3(x)
=the initial flexibility matrices of the section and of the bond
interfaces, respectively. Integration by parts of E2B) and sub-
stitution of the equilibrium equatiorn5) lead to the following
matrix equation:

”aDB<x>]T fax) 0 [ADB<x>]d
L[ 3Dp(x) 0 fx)|[ADpX) X
8Dg(x)] T[d3(x)

o T
=8QTU—f [ ] [ ]dx (24)
L
wheredQ'U=the boundary term and represents the external vir-
tual work done bydQ (the virtual element nodal forces without
rigid body modes on U (the corresponding element nodal dis-

8Dy(X)| | d(x)
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arbitrariness o6 Q and 8Q,, the following matrix expression

results:
<= —i_g
FRo Foo) (AQu) [O) T

whereF3g, FS,, andFY, are the following flexibility terms:

T T
Fho= | (NEEANER - NE NGB 0x

T T
P [ (NERNRONEENDOx @

T T
Pl | (NGOG NEE TN ax

T° andr@=the displacements at the element and bond degrees of
freedom, respectively, compatible with the internal deformations
d3 andd?

Fo_ j (NEE'd9+ NEE'dO)dx
: (28)

T T
- [ (NG 03 NEE apyax

Similar to the element nodal force residuals in the stiffness
equation(17), U-T° and —T9=the element nodal and bond dis-
placement residuals, respectively, in the flexibility equati®®).

The zero term on the right-hand side of E86) implies that the
relative bond slips at the selected reference points along the in-
terfaces are equal to zero. This condition is similar to the known
displacement conditions that are used to determine the redundant
forces in statically indeterminate structures by the classical force
method.

The redundant force unknownsQ,, are eliminated through
static condensation in Eq26). The second equation in E(R6)
yields AQy=—(F2) “1(FS:AQ+TP), which substituted in the
first equation yields

FPAQ=U-Ug-Up (29)
whereF=the element flexibility matrix defined as
FO=F3s— Foy(Fpy) ~*Fog (30)
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Fig. 7. Two-node force-based reinforced concrete element with bond
slip

and U%=the contribution of the beam component adfl=the
contributions of the bond interfaces, to the element nodal dis-

pIacementsUO without rigid body modes

T T
Us= f [[NGE —Fy(Fo) " *N; 1dgdx
(31)

T T
U3 | [NGE'— FRu(Fo g

The right-hand side vectdF—Ug—Ug of Eq. (29)=the ele-

strong form

]

weak form

hond
Compatibility‘ ;
d, = ah u : equilibrium
: _ T (AT T _
; anPE_jau (93D, -3;D,)dx=0
beam I
compatibility ;

Mgy = [6D," (8, u—d,)dx=0
L

section constitutive law  d B= d B (D B)
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bond constitutive law

Fig. 8. Tonti’'s diagram for reinforced concrete beam with bond slip:
Hellinger—Reissner mixed formulation

forces serve as the redundant forces in this element. Assumptions
on the bond-force distributions are made. This procedure is iden-
tical to that followed by Salari et a(1998 for the steel—concrete
composite beam with deformable shear connectors. In the pro-
posed formulation of a RC element with bond slip, the bond-force
distributions are assumed to be cubic functions. During the ele-
ment development, a quadratic bond-interface force distribution
was also tested, but it was discarded because it did not accurately
represent the actual bond distribution. The beam axial force and
bending moment and the bar axial force distributions correspond-
ing to the cubic bond-interface force distributions are quartic
functions.

Hellinger —Reissner Mixed Formulation

In the mixed formulation, the section forcBg(x) are expressed
in terms of the element nodal forces through force shape func-

ment nodal displacement residuals corresponding to the weaktions, and the beam displacementx) are written as functions

form of the compatibility conditions Eg$6) and(8) and vanishes
when the compatible configuration is reached. In order to imple-

of the element nodal displacements via displacement shape func-
tions. The beam element nodal forces and nodal displacements

ment the force-based element in a general-purpose displacementserve as the primary element unknowns. The equilibrium equation
based finite element program, it is necessary to introduce a special5) and the beam compatibility equatid6) are satisfied in an

state-determination procedufhich is discussed in the compan-
ion paper: Limkatanyu and Spacone 200Phis procedure com-

integral (or weak form. On the other hand, compatibility of the
bond-interface field is satisfied in a strong form through the com-

putes the element stiffness matrix and the resisting forces for thepatibility equation(8). The H—R mixed functionall; (Felippa
element without rigid body modes and then adds the rigid body 2000 is defined as

modes back into the element. The resulting hybrid solution pro-

cedure, required to interface the force-based element formulation

[ U(x),De(X) |=Tg u(x) [+ M De(x)]  (32)

with the displacement-based structural solver, led the authors towherellgg=the weak form of equilibrium andly=the weak

rename the element formulation force hybrid.

form of the beam compatibility. According to the stationary prin-

Fig. 7 shows the two-node force-based RC frame element with ciple, the compatible equilibrium configuration is obtained when

and without rigid body modes. Adding the rigid body modes to
the element of Fig. (b) or filtering out the rigid body modes from
the element of Fig. (&) is accomplished through matrix transfor-
mations based on equilibrium and compatibility between the two
systems.

I1,k reaches a stationary value, i.e., when

dITR[BU(X),8Dg(x)]=8ITgg[duU(X)]+81Icm[8Dg(x)] :(%3)

which impliesdIlgo=0 anddIlcy=0. The mixed formulation is

In structures that are internally statically determinate, such as Schematically represented in Tonti's diagréifig. 8).

the RC beam with the perfect bond of Spacone etl#896, the
internal force distributions can be determined exactly from equi-
librium. In the RC beam model with bond slip of Fig. 7, which is
internally statically indeterminate, the internal force distributions
cannot be exactly determined from equilibrium only, except for

Ilgq is defined by Eq(11) and its first variation is
ST Su(x)]= f duT(x)[agDg(x) —apDp(x)]dx=0 (34)
L

whered u(x) =a compatible virtual displacement field. In order to

some special, simple linear—elastic structures. The bond-interfacemove the differential operators; anda,, from the section forces
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Kp
T

Dg(x) and bond-interface forceB,(x) to the virtual displace-

ment fielddu(x), integration by parts is applied to E(R4) (41)

[AU ]_ P-TTQR- Q)
AQr| ug

Rr
j {[985U(x)]TDg(x) +[9pdU(X)]DK(x)}dx=3UTP (35) whereK Y =the contribution of the bond interfaces to the element
- stiffness matrix, defined as

whered UTP=the boundary terms and represents the external vir-
tual work done by the element virtual nodal displaceméiitson ngf BE“RT(x)kg(x)BE"R(x)dx (42)
the externally applied nodal forcd® Upon application of the L
linear incremental form of the material constitutive law E®)
and after imposing the bond-interface compatibility E8), EqQ.
(35) is written as

with BER(x) =agNER(x), BER(x) =a,N"R(x). FY is the beam
flexibility matrix, defined as

=0 _ H-R" 0 H-R
f SUT(X)[9LADg(x) +aTk(x)apAu(x)Tdx Fg= fLNF () fg(x)Ng(x)dx (43)
L
Matrix T serves as the transformation matrix between the force
=5UTP— f SUT(x)[9EDS(x)+aTD2(x)Jdx  (36) degrees of freedom and the displacement degrees of freedom, and
L is defined as

Eq. (36) is the linear incremental form of the virtual displace- HoRT HoR
ment principle. As for the variation of the second term in &), T= fLNF (X)Bg " (x)dx (44)
31l ¢y is written as
Ug, contains the beam nodal displacement residuals and is de-

8Hcm[DB(><)]=fLBDE(x)[aBu(x)—olB(x)]o|x=o (37) fined as

where 3Dg(x)=a virtual, equilibrated force field that serves as U%EJ NE-R(x)d3(x) — TU® (45)
weight function. Upon substitution of E¢L0) and after express- L
ing the displacement field in its linearized form(x)=u’(x) QP=the contribution of the bond interfaces to the element forces

+Au(x), Eq.(37) is written

0_ | BH-R'(x)DY(x)dx 46

f SDL(X)[9Au(x) —fI(x) ADg(x)Jdx @ JL b (X)Dp(x) (46)
The right-hand side of Eq41) contains the force and dis-

T o placement residuals, which correspond to the weak forms of equi-

fSDB(X)[d (%) —9gu"(x)]dx (38) librium and compatibility, respectively.
) o In view of the element implementation into a general-purpose

Egs. (36) and (38) form the backbone of the H—R mixed finite  finite element program, the force degrees of freedoms in(4).
element formulation for the RC frame element with bond slip. are eliminated using static condensation. Consequently, the force

They are combined into the following form: continuity between adjacent elements is locally relaxed. From the
BU(X) TkO(X)ab aT Au(x) second equation in Eq411) the beam element nodal forc.es are
5Dg(X) 0 ADg(X) dx computed af Qz=(Fg) }(TAU- o rr) and they are substituted

Lim=B g: —fe(¥) B into the first equation in Eq41) to obtain

dux) | T 6TDO(X)+6TDg( X) (TT( 0)- IT+K9AU=P-TTQ%-Q +-|-T( 0)~ 1UOr
ZSUTP—HSDB(X)} { aBEO(x) Qoo |9x 69 b rR™Qp "

To obtain the discrete form of Eq39), the beam force and ~ Where the temTTQR+ Qb—TT(FP) 'UR, represents the element
displacement fields are expressed in terms of the nodal force deforces. In Eq.(47), Q are forces directly dual to the nodal dis-
grees of freedonQg (to be specified later in the papeand the placementsU, while Q% and (FO) lU . represent the nodal
nodal displacementd through the force and displacement shape forces at the force degrees of freedom. These latter are premulti-

functions, respectively, plied by the transformation matrik to become dual to the nodal
H-R displacements).
u(x)=(g7x)] _ NE_R(X) U=N"-R(x)U In order to ensure numerical stability of the solution, the ele-
a(x) Ng (X) (40) ment degrees of freedom and the element displacement and force

shape functions cannot be arbitrarily selected for mixed elements,

D(x) NE (%) H-R as discussed in Zienkiewicz and Tayld989. For the extreme
Da(X)= D(x) - NH—R(X) Qr=NE"(X)Qr case wherK} in Eqg. (47) vanishes, the element stiffness matrix
F TT(F )T should have the correct number of zero eigenvalues

where superscript H—Rthe H-R mixed formulationN{~"(x) corresponding to the number of rigid body modes to ensure sta-
and N "R(x) contain the displacement shape fUﬂCtiOﬂS for the bility of the formulation. This condition is satisfied if the rank of
beam and bar displacements, respectlvHE/ (x) andN (x) the element stiffness matrix is not smaller than the number of
contain the force shape functions for the beam and "bar forces,displacement degrees of freedom minus the number of rigid body
respectively. Upon substituting E¢40) into Eq. (39) and from modes. The rank of this term cannot be greater than the rank of
the arbitrariness 08 Qg and3U the following equation results: (Eg)‘l. In other words, the number of force degrees of freedom
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The combination of a two-node beam withtwo-node bars
with bond interfaces is used to define the element force degrees of
freedoms without rigid body modd#ig. 9b)]. Each node has
2+n degrees of freedoms, one for the axial force and one for the

a vz U3 bending moment in the beam, plus one axial force for each of the
R ol R R il R b ol e b n bars with bond interfaces. The nodal force componBritsFig.
Ul 3 UT’ 9(b) are grouped in the beam nodal force vec@g. Conse-
3 n quently, the beam axial force, the beam bending moment, and the
@ displacement degrees of freedom bar axial forces are all linear.
Rl R2 Summary
2 L - . . :
4 AR R R D S R e e ol This is the first of two papers proposing three formulations for a
Vi R} R2 ) RC frame element with bond slip in the rebars. The main objec-
* Rl ' Rl_, tive of this paper is to present the derivation of the governing
Vn \« differential equationgstrong form and to derive three different
i _ AP P R D R R R ol il . finite element formulationgweak formg for the RC frame ele-
Rl R2 ment with bond interfaces. The three finite elements are based on
2+n 2n the displacement-based, the force-bas@ubrid), and the
(b) force degrees of freedom Hellinger—Reissner mixed formulations. The displacement-based

element is derived from the principle of stationary potential en-
ergy functional and uses displacement-shape functions to express
the beam and steel bar displacement fields in term of nodal dis-
placement degrees of freedom. The force-babgtrid) element

is derived from the principle of stationary total complementary

ng cannot be smaller than the number of displacement degrees offotential energy functional and employs force-shape functions to

freedom without rigid body modes; (Ayoub and Filippou 2000 express the internal force fields in terms of force degrees of free-
dom. In this element, the element bond forces at selected refer-

Nr=Ny (48) ence points serve as internal redundant forces, and are statically

The above condition is necessary but not sufficient to ensure el-condensed out in order to implement the element into a general-
ement convergence. propose displacement-based finite element program. As a result,

The degree of the displacement shape functions is selectedhe bond force continuity between adjacent elements is locally
after considering the variational indices in E§7). Because the  relaxed. The mixed element is derived from the principle of sta-
first derivative of the axial displacement and the second derivative tionary Hellinger—Reissner mixed functional. Force shape func-
of the transverse displacement appear in By), C° and C* tions are used to express the beam internal force fields in terms of
continuous functions are selected for the axial and transverse disthe beam force degrees of freedom and displacement shape func-
placements, respectively. As a result, a cubic Hermitian polyno- tions are used to express the bond-slip fields in terms of the ele-
mial is used for the beam transverse displacement and quadratiénent displacement degrees of freedom. In the mixed element, the
polynomials are used for the beam and bar axial displacements. beam force degrees of freedom are statically condensed out in

The selection of the degree of the force shape functions con-order to implement the element into a general-purpose
siders de Veubeke’s principle of limitatiofue Veubeke 1965 displacement-based finite element program. Thus, the beam force
which states that there is no further improvement in accuracy Continuity between adjacent elements is |0ca”y relaxed. The sta-
obtained by increasing the degree of the force fields beyond thebility requirements on the order and continuity of the displace-
degree of their corresponding deformation fields. The above limi- ment and force shape functions for the mixed element are estab-
tation is only pertinent to the linear elastic case. Higher order lished. Finally, Tont’'s diagrams are used to schematically
force shape functions may possibly improve the element perfor- represent the set of basic governing equations for both strong and
mance in the inelastic range but they were not considered in theweak forms. The companion paper by Limkatanyu and Spacone
present study in order to minimize the computational cost of the (2001 discusses the implementation issues of the three different
element. Because the cubic transverse displacement implies a linformulations in a general purpose nonlinear structural analysis
ear curvature variation and the quadratic axial displacement im- software and presents a set of applications and parametric studies.
plies a linear axial strain variation, linear bending moment and
axial force variations were selected for the force shape functions.

The displacement degrees of freedom that derive from the
above considerations are shown in Figa)9 The displacement
degrees of freedom use a three-node beam militee-node bars.  This study was supported by the Royal Thai Fellowship and by
Each end node hast3n degrees of freedoms, three for the beam Grant No. CMS-9804613 from the National Science Foundation.
and one axial displacement for each of thebars with bond This support is gratefully acknowledged. Any opinions expressed
interfaces. The middle node has only-h degrees of freedoms, in this paper are those of the writers and do not reflect the views
one axial displacement in the beam and one axial displacementof the sponsoring agencies. Special thanks go to Dr. Mohammed
for each of then bars with bond interfaces. As a result, the axial R. Salari for his assistance with formulations of beams with bond
displacement distributions in the beam and in the bars with bond slip and to Professor Carlos A. Felippa of the Aerospace Dept. of
interfaces are quadratic; the transverse displacement distributiorthe University of Colorado, Boulder for his continuous support on
in the beam is cubic and the distribution of bond slip is quadratic. theoretical issues.

Fig. 9. Mixed reinforced concrete element with bond slip
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Notation

The following symbols are used in this paper:

Dy =

BR?, BP®

BE_Rv BE—R

Dg, D, D, D
dg, d, d, d, =

[

=
EBB’ Ebbv EbB =
fo, f, =

K, Kg, Ky
kB! kb =

Mg

DB DB DB _
Ny— NG N~ =

H-R pH-R pH-R
Ne NG, N;

FB FB FB FB
NBB’ NBb’ NbB’ Nbb

H-R \H-R \EH-R
Ne™, NE , Ng

Ng, N;

Ng, Ny =

p
p

Py
Q,Qs, Qp =

= beam and bond deformation-

displacement matrices for the
displacement-based formulation;
beam and bond deformation-
displacement matrices, respec-
tively, for H—=R mixed formulation;
section, beam, bar, and bond force
arrays, respectively;

bond interface force im bar;

section, beam, bar, and bond defor-
mation arrays, respectively;

beam element flexibility matrix
(H-R formulation;

element flexibility matrix(force-
based formulatiop

beam-bond flexibility matrices;
section and bond flexibility matri-
ces;

element stiffness matrix, beam, and
bond contributions td;

section and bond stiffness matrices;
beam section bending moment;
displacement shape functions in
displacement-based formulation;
displacement shape functions in
H—-R mixed formulation;

force shape function matrices in
force-based formulation;

force shape function matrix for
H—-R mixed formulation;

= beam and bar axial forces;

number of unknown forces and
displacements$without rigid body
modes;

element external nodal force array;
element force array;

transverse distributed load;
element internal nodal force array,
beam, and bond contributions to
Q;

element nodal force array without
rigid modes;

reference bond force array;

= beam element force array at force

degrees of freedom in H—R formu-
lation;

element nodal and bond-interface
deformation arrays;

= transformation matrix;
= element displacement array, with

and without rigid body modes;

= beam and bond contributions td
= beam element displacement re-

sidual array;

element section, beam, and bar
displacement arrays;

beam axial and transverse displace-
ments;
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U, U, = axial displacement and relative
slip, respectively, ini bar;
Vg(x) = beam section shear force;
y; = distance ofi bar from section ref-
erence axis;
- d -
— 0 0O 0 O
dx
d2
0 0O 0 O
dx?
8B= d
0 O — 0
dx
0 0 0 0
. d
0 O 0 - —
- dx-
= beam differential operator;
d
-1 yla 1 0 O
6b=
d
-1 Yngy 0O 0 1
= bond differential operator;
eg, & = beam and bar axial strain;

Kp beam curvature;
I}, g, gy = H-R mixed functional, equilibrium
and compatibility contributions to
IT4r; and
IIpg, [Icpg = total and complementary potential
energy functionals.
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