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Reinforced Concrete Frame Element with Bond Interfaces.
I: Displacement-Based, Force-Based,

and Mixed Formulations
Suchart Limkatanyu1 and Enrico Spacone2

Abstract: This is the first of two papers that presents the theory and applications of three different formulations of reinforced c
frame elements with bond slip in the reinforcing bars. This paper presents the governing differential equations of the problem~strong
form! and the three different element formulations~weak forms!. The first is the displacement-based formulation, which is derived fr
the principle of stationary potential energy. The second is the force-based formulation, which is derived from the principle of st
complementary energy. The third is the two-field mixed formulation, which is derived from the principle of stationary Hellinger–R
potential. The selection of the displacement and force shape functions for the different formulations is discussed. Tonti’s diagram
to conveniently represent the equations that govern both the strong and the weak forms of the problem. This paper derives th
matrix equations of the three formulations. Implementation of the formulations in a general-purposed nonlinear structural
software and a set of applications are discussed in the companion paper.
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Introduction

The accurate modeling of the bond-slip effects is central in
sessing the seismic performance of reinforced concrete~RC!
frames under both monotonic and cyclic loads. Under the
sumption of full bond between the concrete and the reinforc
bars, the stiffness and strength of RC structures are overestim
as is the energy dissipated during the loading cycles. A numbe
experimental tests on RC subassemblages have shown the r
tion in stiffness due to slip in the reinforcing bars above the fo
dations and in the beam–column connections. Bar pullouts, w
may be experienced in older structures with insufficient bar
chorages or bar splices, drastically reduce the strength of the
members. In order to realistically describe the behavior of
structures in static and dynamic nonlinear structural analysis,
inclusion of the bond-slip effects is essential.

Several analytical models that include the bond-slip effect
the response of RC structures have been proposed in the
lished literature. These models are classified here into two gro
~1! solid two-dimensional or three-dimensional finite eleme
models based on a continuum approach;~2! line one-dimensional
~1D! frame elements based on the beam theory. Examples
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applications of solid finite elements developed for the analysis
RC structures including the effects of bond slip are found in N
and Scordelis~1967!, Nilson ~1971!, Kwak and Filippou~1995!,
and more recently, Lowes~1999!. Analyses performed with solid
elements provide greater details but are hampered by high c
putational efforts. Only structural components or small fram
can be realistically studied using solid elements. For the nonlin
analysis of entire frames under monotonic and cyclic loads, fra
elements capture the main characteristics of the structural
sponse with reasonable computational costs. This work focu
on the development of a new family of 1D frame elements for R
members with bond slip.

Filippou and Issa~1988!, and Filippou et al.~1999! proposed a
so-called subelement frame element model, where the diffe
sources of material nonlinearities~e.g., bending deformations
shear deformations, bond slip! are represented by separate sube
ments. Rubiano-Benavides~1998! proposed a fiber frame mode
with nonlinear rotational springs at the member ends that acco
for the bond slip. Monti and Spacone~2000! combine the force-
based fiber beam element by Spacone et al.~1996! with the rein-
forcing bar element with bond slip by Monti et al.~1997!. This
last model is probably the most refined RC frame element w
bond slip proposed to date. It relies on the simple idea that
total steel fiber strain at a cross section is the actual steel s
plus a strain equivalent to the bar slip. Although effective a
precise, this model requires a complex and computationally
manding fiber state determination.

The RC frame elements with bond slip proposed in this wo
are different from those published to date in that different degr
of freedom are used for the concrete beam and for the bars
bond slip. In other words, the bond slip between the steel bar
the surrounding concrete is computed directly as the differenc
the steel and concrete displacements at the bar level. Spacon
Limkatanyu ~2000! have already successfully tested the gene
idea with the simple, displacement-based formulation. The res
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ing model is computationally robust, but not very accurate. I
used hereafter as a reference model.

This paper presents the general theoretical framework of
displacement-based, force-based, and two-field mixed form
tions of RC frame elements with bond slip in the steel bars. T
beam section force–deformation relations are derived from
fiber section model. The derivation of the governing differen
equations~strong form! of the RC frame element with bond in
terfaces is presented first. The three different element form
tions ~weak forms! are presented next and form the core of th
paper. The displacement-based element derives from the prin
of stationary potential energy functional. The force-based elem
derives from the principle of stationary complementary poten
energy functional. The two-field mixed element derives from
principle of stationary Hellinger–Reissner~H–R! mixed func-
tional. The Tonti’s diagrams are used to concisely illustrate
governing equations of both the strong and the weak forms
companion paper~Limkatanyu and Spacone 2002! discusses the
implementation issues of the three different formulations in
general-purpose nonlinear structural analysis software and
sents a set of applications and parametric studies.

Equations of Reinforced Concrete Frame Element
with Bond Slip „Strong Form …

Equilibrium

The free body diagram of an infinitesimal segmentdx of RC
frame element withn bars with bond interfaces is shown in Fig.
Only bond stresses tangential to the bars are considered in
formulation. The dowel effect in the bars is neglected. Based
the small-deformation assumption, all of the equilibrium con

Fig. 1. Reinforced concrete beam element with bond slip: beam
bar components
-

-

e
t

-
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tions are considered in the undeformed configuration. Axial eq
libriums in the beam component and in the bari lead to the
following equations:

dNB~x!

dx
1(

l 51

n

Dbi~x!50

(1)
dNi~x!

dx
2Dbi~x!50, i 51,n

whereNB(x)5the axial forces in the beam andNi(x)5the axial
forces in the bari, respectively.Dbi(x)5the bond interface force
between the beam and bari. Vertical equilibrium of the infinitesi-
mal segmentdx yields

dVB~x!

dx
2py~x!50 (2)

whereVB(x)5the beam section shear force andpy(x)5the trans-
verse distributed load. Finally, moment equilibrium yields

dMB~x!

dx
2VB~x!2(

i 51

n

yiDbi~x!50 (3)

where MB(x)5the beam section bending moment, andyi5the
distance of bari from the element reference axis~Fig. 1!. This
work follows the Euler–Bernoulli beam theory, thus the she
deformations are neglected. The shear forceVB(x) is removed by
combining Eqs.~2! and ~3! to obtain

d2MB~x!

dx2 2py~x!2(
i 51

n

yi

dDbi~x!

dx
50 (4)

Eqs.~1! and~4! represent the governing equilibrium equatio
of the RC frame element with bond slip. Eqs.~1! and ~4! can be
written in the following matrix form:

]B
TDB~x!2]b

TDb~x!2p~x!50 (5)

whereDB(x)5$D̄(x):D% (x)%T5the element section forces,D̄(x)
5$NB(x) MB(x)%T5the beam section forces, D% (x)
5$N1(x)...Nn(x)%T5the bar forces, Db(x)
5$Db1(x)...Dbn(x)%T5the bond section forces, andp(x)
5$0 py(x) 0...0%T5the element force vector.]B and ]b are dif-
ferential operators defined in the Notation. It is important to po
out that there are 2n12 internal force unknowns, while onlyn
12 equilibrium equations are available at any element sect
Consequently, this system is internally statically indetermin
and the internal forces cannot be determined solely by the e
librium conditions.

Compatibility

The element section deformation vector conjugate ofDB(x) is
dB(x)5$d̄(x):d% (x)%T, where d̄(x)5$«B (x)kB(x)%T are the
beam section deformations~axial strain«B at reference axis and
curvature kB!, and d% (x)5$«1(x)...«n(x)%T contains the axial
strains of then bars. The following displacements are defined
the element level:u(x)5$ū(x)]u% (x)%T are the displacemen
fields along the element, whereū(x)5$uB(x) vB(x)%T contains
the beam axial and transverse displacements, respectively,
u% (x)5$ui(x)...un(x)%T contains the axial displacements of then
bars.

From the small deformation assumption, the element defor
tions are related to the element displacements through the fol
JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002 / 347
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ing compatibility relations: «B(x)5duB(x)/dx, kB(x)
5d2nB(x)/dx2, and« i(x)5dui(x)/dx, which can be written in
the following matrix form:

dB~x!5]Bu~x! (6)

The bond slips are determined by the following compatibil
relation between the beam and the bar displacements:

ubi~x!5ui~x!2uB~x!1yi

dnB~x!

dx
(7)

whereubi(x)5the bond slip between the beam and bari. If the
bond deformation vectordb(x)5$ub1(x)...ubn(x)%T is intro-
duced, Eq.~7! can be written in the following matrix form:

db~x!5]bu~x! (8)

Force –Deformation Relations

The nonlinear nature of the proposed elements derives ent
from the nonlinear relation between the section forcesDB(x),
Db(x), and the section deformationdB(x), db(x). In the proposed
formulations, the fiber section model shown in Fig. 2 is used
derive the constitutive lawDB5DB(dB). The fiber model auto-
matically accounts for the coupling between axial and bend
responses. The Kent and Park~1971! law is used for the concrete
fibers. The Menegotto and Pinto~1973! law is used for the bars
The explicit expression for the fiber beam section force deform
tion is given in Spacone et al.~1996!. For the bond-slip constitu
tive relationsDb5Db(db), the Eligehausen et al.~1983! law is
used. All of these uniaxial laws are shown in Fig. 2.

In the following formulations, the section and bond-slip no
linear laws are linearized according to the following forms:

DB~x!5DB
0~x!1DDB~x!5DB

0~x!1kB
0~x!DdB~x!

(9)
Db~x!5Db

0~x!1DDb~x!5Db
0~x!1kb

0~x!Ddb~x!

Fig. 2. Reinforced concrete beam element: section fiber discret
tion and material uniaxial laws
348 / JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002
y

where DB
0(x), Db

0(x), kB
0(x), and kb

0(x)5the section and bond
force vectors and stiffness matrices at the initial point. The c
sistent inverse of Eq.~9! can be expressed in the following form

dB~x!5dB
0~x!1DdB~x!5dB

0~x!1fB
0~x!DDB~x!

(10)(10)
db~x!5db

0~x!1Ddb~x!5db
0~x!1fb

0~x!DDb~x!

wheredB
0(x), db

0(x), fB
0(x), and fb

0(x)5the section and bond de
formation vectors and flexibility matrices at the initial point.
the above equations and throughout the paper, superscri
5the value of a vector or matrix at the initial point of the no
linear scheme.

The compatibility, equilibrium, and constitutive equations f
the RC frame element with bond slip presented above are co
niently represented in the classical Tonti’s diagram of Fig. 3. T
diagram is going to be modified for the different element form
lations. Finally, for the sake of brevity, the transverse loadpy(x)
is omitted in the following derivations.

Finite Element Formulations „Weak Form …

Three different finite element formulations are presented in
paper:~1! a displacement-based formulation;~2! a hybrid force-
based formulation; and~3! a mixed formulation.

Displacement-Based Formulation

The displacement-based formulation was originally presente
Spacone and Limkatanyu~2000! and is briefly summarized here
The element nodal displacementsU serve as the primary elemen
unknowns. The section displacementsu(x) are related to the ele
ment nodal displacements through appropriate displacem
shape functions. The section deformationsdB(x) and bond slip
db(x) are determined through the beam compatibility Eq.~6! and
the bond-interface compatibility Eq.~8!, respectively. Therefore
the compatibility conditions are satisfied pointwise. On the ot
hand, the equilibrium conditions are only satisfied in the integ
sense through the principle of stationary potential energy.
above steps are summarized in Tonti’s diagram of Fig. 4 for
displacement-based element. If the total potential energy fu
tional is defined as

PPE@u~x!#5E
L
uT~x!@]B

TDB~x!2]b
TDb~x!#dx (11)

Equilibrium is found by imposing that the first variation ofPPE

be equal to zero

Fig. 3. Tonti’s diagram for reinforced concrete beam with bond sl
differential equations~strong form!
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dPPE@du~x!#5E
L
duT~x!@]B

TDB~x!2]b
TDb~x!#dx50 (12)

Upon substitution of the section linearized constitutive laws E
~9! and ~12! are written

E
L
duT~x!$]B

T@DB
0~x!1kB

0~x!]BDu~x!#2]b
T@Db

0~x!

1kb
0~x!]bDu~x!#%dx50 (13)

wheredu(x)5a compatible virtual displacement field. In order
move the differential operators]B and]b from the force vectors
DB(x) and Db(x) to the virtual displacement fieldsdu(x), inte-
gration by parts is applied to Eq.~13!, leading to

E
L
H ]B@du~x!#
]b@du~x!# J TFkB

0~x! 0

0 kb
0~x!

G H ]B@Du~x!#
]b@Du~x!# J dx

5dUTP2E
L
$]B@duT~x!#DB

0~x!1]b@duT~x!#Db
0~x!%dx

(14)

wheredUTP derives from the boundary terms and represents
external virtual work done by the virtual nodal displacementsdU
on the externally applied nodal forcesP. Eq. ~14! is the funda-
mental equation for the displacement-based finite element for
lation of the RC frame element with bond slip. The element d
placementsu(x) are related to the nodal displacementsU through
the displacement shape functionsNu

DB(x)

u~x!5 H ū~x!
u% ~x!J 5H Nū

DB~x!

Nu%
DB~x!J U5Nu

DB~x!U (15)

where the superscript DB denotes the displacement-based fo
lation. It follows that dB(x)5BB

DB(x)U and db(x)5Bb
DB(x)U,

whereBB
DB(x)5]BNu

DB(x) andBb
DB(x)5]bNu

DB(x). Upon substi-
tution of Eq.~15! into Eq. ~14! and from the arbitrariness ofdU

E
L
H BB

DB~x!

Bb
DB~x!J TFkB

0~x! 0

0 kb
0~x!

G H BB
DB~x!

Bb
DB~x!J dxDU

5P2E
L
BB

DBT

~x!DB
0~x!dx2E

L
Bb

DBT

~x!Db
0~x!dx (16)

Eq. ~16! is written in the compact form

K0DU5P2Q0 (17)

whereK05the element stiffness matrix andQ0 contains the ele-
ment resisting forces

Fig. 4. Tonti’s diagram for reinforced concrete beam with bond sl
displacement-based formulation
-

-

K05KB
01Kb

0

(18)
Q05QB

01Qb
0

KB
0 andKb

0 are the beam and bond contributions, respectively
the element stiffness matrix

KB
05E

L
BB

DBT

~x!kB
0~x!BB

DB~x!dx

(19)

Kb
05E

L
Bb

DBT

~x!kb
0~x!Bb

DB~x!dx

QB
05the beam contribution andQb

05the bond contributions to the
element resisting forces

QB
05E

L
BB

DBT

~x!DB
0~x!dx

(20)

Qb
05E

L
Bb

DBT

~x!Db
0~x!dx

The right-hand side of Eq.~17! is the force residual correspondin
to the weak statement of the equilibrium Eq.~5! and vanishes
when the equilibrium configuration is reached.

The element used in this paper comprises a two-node be
plus n two-node bars with bond interfaces~Fig. 5!. Higher order
elements were also considered during the element developm
but the gain in element precision was outweighed by the elem
complexity and additional computational effort. The two-node
ement has a linear axial displacement field in the beam and in
bars with bond interfaces, a cubic transverse displacement fie
the beam, and quadratic slip fields along the interfaces. Th
proposed displacement fields satisfy theC0 and C1 continuities
for the axial and transverse displacements required by the va
tional indices in Eq.~13!. More details on the element shap
functions and on the element formulation are given in Spac
and Limkatanyu~2000!. The two-node displacement-based e
ment, although numerically stable, is not very accurate and
used primarily as a reference model for the following, more
vanced formulations.

Force-Based (Force-Hybrid) Formulation

The force-based formulation stems from the force-based ste
concrete composite beam element with partial interaction p
posed by Salari et al.~1998!. The force-based formulation is de
rived from the total complementary potential energy function
and is the dual of the displacement-based formulation. The
ment internal force fieldsDB(x) andDb(x) serve as the primary
unknowns and are expressed in terms of the element nodal fo
through appropriate force shape functions. The force shape f
tions are derived such that the equilibrium equations~5! are sat-

Fig. 5. Two-node displacement-based reinforced concrete elem
JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002 / 349
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isfied pointwise along the element. On the other hand, the b
compatibility equation~6! and the bond compatibility equatio
~8! are satisfied only in an integral sense. The steps involve
the force-based formulation are schematically represented
Tonti ’s diagram~Fig. 6!.

The total complementary potential energy functionalPCPE is

PCPE@DB~x!,Db~x!#5E
L
DB

T~x!@dB~x!2]Bu~x!#dx

1E
L
Db

T~x!@db
T~x!2]bu~x!#dx (21)

According to the principle of stationary complementary pote
tial energy, the compatible configuration is obtained whenPCPE

reaches a stationary value, i.e., when

dPCPE@dDB~x!,dDb~x!#5E
L
dDB

T~x!@dB~x!2]Bu~x!#dx

1E
L
dDb

T~x!@db~x!2]bu~x!#dx50

(22)

Upon substitution of the section linearized laws, Eqs.~10! and
~22! are written

dPCPE5E
L
dDB

T~x!@dB
0~x!1fB

0~x!DDB~x!2]Bu~x!#dx

1E
L
dDb

T~x!@db
0~x!1fb

0~x!DDb~x!2]bu~x!#dx50

(23)

wheredDB(x) anddDb(x)5the virtual, equilibrated section an
bond-interface force fields, respectively, andfB

0(x) and fb
0(x)

5the initial flexibility matrices of the section and of the bon
interfaces, respectively. Integration by parts of Eq.~23! and sub-
stitution of the equilibrium equation~5! lead to the following
matrix equation:

E
L
H dDB~x!
dDb~x! J TF fB

0~x! 0

0 fb
0~x!

G HDDB~x!
DDb~x! J dx

5dQ̄TŪ2E
L
H dDB~x!
dDb~x! J TH dB

0~x!

db
0~x! J dx (24)

wheredQ̄TŪ5the boundary term and represents the external
tual work done bydQ̄ ~the virtual element nodal forces withou
rigid body modes! on Ū ~the corresponding element nodal di

Fig. 6. Tonti’s diagram for reinforced concrete beam with bond sl
force-based formulation
350 / JOURNAL OF STRUCTURAL ENGINEERING / MARCH 2002
placements without rigid body modes!. The element is formulated
without rigid body modes in view of its implementation in
general-purpose finite element code, which requires inversio
the element flexibility matrix~Spacone et al. 1996!. Eq. ~24! is
the fundamental equation of the force-based finite element for
lation. To obtain the discrete form of Eq.~24!, the section forces
DB(x) and the bond-interface forcesDb(x) are expressed in term
of the element nodal forces without rigid body modesQ̄ and of
the bond-interface forcesQ̄b at selected reference points along t
interface, according to the following matrix relation:

HDB~x!
Db~x! J 5FNBB

FB~x! NBb
FB~x!

NbB
FB~x! Nbb

FB~x!
G H Q̄

Q̄b
J (25)

where the superscript FB denotes the force-based formula
and NBB

FB(x), NBb
FB(x), NbB

FB(x), and Nbb
FB(x) are the force shape

functions. Substitution of Eq.~25! into Eq. ~24! and from the
arbitrariness ofdQ̄ and dQ̄b , the following matrix expression
results:

F F̄BB
0 F̄Bb

0

F̄Bb
0T

F̄bb
0 G H DQ̄

DQ̄b
J 5H Ū

0J 2 H r̄0

r̄b
0J (26)

whereF̄BB
0 , F̄Bb

0 , andF̄bb
0 are the following flexibility terms:

F̄BB
0 5E

L
~NBB

FBT

fB
0NBB

FB1NbB
FBT

fb
0NbB

FB!dx

F̄Bb
0 5E

L
~NBB

FBT

fB
0NBb

FB1NbB
FBT

fb
0Nbb

FB!dx (27)

F̄bb
0 5E

L
~NBb

FBT

fB
0NBb

FB1Nbb
FBT

fb
0Nbb

FB!dx

r̄0 and r̄b
05the displacements at the element and bond degree

freedom, respectively, compatible with the internal deformatio
dB

0 anddb
0

r̄05E
L
~NBB

FBT

dB
01NbB

FBT

db
0!dx

(28)

r̄b
05E

L
~NBb

FBT

dB
01Nbb

FBT

db
0!dx

Similar to the element nodal force residuals in the stiffne
equation~17!, Ū2 r̄0 and2 r̄b

05the element nodal and bond dis
placement residuals, respectively, in the flexibility equation~26!.
The zero term on the right-hand side of Eq.~26! implies that the
relative bond slips at the selected reference points along the
terfaces are equal to zero. This condition is similar to the kno
displacement conditions that are used to determine the redun
forces in statically indeterminate structures by the classical fo
method.

The redundant force unknownsDQ̄b are eliminated through
static condensation in Eq.~26!. The second equation in Eq.~26!

yields DQ̄b52(F̄bb
0 )21(F̄bB

0 DQ̄1 r̄b
0), which substituted in the

first equation yields

F̄0DQ̄5Ū2ŪB
02Ūb

0 (29)

whereF̄5the element flexibility matrix defined as

F̄05F̄BB
0 2F̄Bb

0 ~ F̄bb
0 !21F̄bB

0 (30)
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and ŪB
05the contribution of the beam component andŪb

05the
contributions of the bond interfaces, to the element nodal
placementsŪ0 without rigid body modes

ŪB
05E

L
@NBB

FBT

2F̄Bb
0 ~ F̄bb

0 !21NBb
FBT

#dB
0dx

(31)

Ūb
05E

L
@NbB

FBT

2F̄Bb
0 ~ F̄bb

0 !21Nbb
FBT

#db
0dx

The right-hand side vectorŪ2ŪB
02Ūb

0 of Eq. (29)5the ele-
ment nodal displacement residuals corresponding to the w
form of the compatibility conditions Eqs.~6! and~8! and vanishes
when the compatible configuration is reached. In order to imp
ment the force-based element in a general-purpose displacem
based finite element program, it is necessary to introduce a sp
state-determination procedure~which is discussed in the compan
ion paper: Limkatanyu and Spacone 2002!. This procedure com-
putes the element stiffness matrix and the resisting forces for
element without rigid body modes and then adds the rigid b
modes back into the element. The resulting hybrid solution p
cedure, required to interface the force-based element formula
with the displacement-based structural solver, led the author
rename the element formulation force hybrid.

Fig. 7 shows the two-node force-based RC frame element
and without rigid body modes. Adding the rigid body modes
the element of Fig. 7~b! or filtering out the rigid body modes from
the element of Fig. 7~a! is accomplished through matrix transfo
mations based on equilibrium and compatibility between the
systems.

In structures that are internally statically determinate, such
the RC beam with the perfect bond of Spacone et al.~1996!, the
internal force distributions can be determined exactly from eq
librium. In the RC beam model with bond slip of Fig. 7, which
internally statically indeterminate, the internal force distributio
cannot be exactly determined from equilibrium only, except
some special, simple linear–elastic structures. The bond-inter

Fig. 7. Two-node force-based reinforced concrete element with b
slip
k

t-
l

e

forces serve as the redundant forces in this element. Assump
on the bond-force distributions are made. This procedure is id
tical to that followed by Salari et al.~1998! for the steel–concrete
composite beam with deformable shear connectors. In the
posed formulation of a RC element with bond slip, the bond-fo
distributions are assumed to be cubic functions. During the
ment development, a quadratic bond-interface force distribu
was also tested, but it was discarded because it did not accur
represent the actual bond distribution. The beam axial force
bending moment and the bar axial force distributions correspo
ing to the cubic bond-interface force distributions are qua
functions.

Hellinger –Reissner Mixed Formulation

In the mixed formulation, the section forcesDB(x) are expressed
in terms of the element nodal forces through force shape fu
tions, and the beam displacementsu(x) are written as functions
of the element nodal displacements via displacement shape f
tions. The beam element nodal forces and nodal displacem
serve as the primary element unknowns. The equilibrium equa
~5! and the beam compatibility equation~6! are satisfied in an
integral ~or weak! form. On the other hand, compatibility of th
bond-interface field is satisfied in a strong form through the co
patibility equation~8!. The H–R mixed functionalPHR ~Felippa
2000! is defined as

PHR@u~x!,DB~x!#5PEQ@u~x!#1PCM@DB~x!# (32)

wherePEQ5the weak form of equilibrium andPCM5the weak
form of the beam compatibility. According to the stationary pri
ciple, the compatible equilibrium configuration is obtained wh
PHR reaches a stationary value, i.e., when

dPHR@du~x!,dDB~x!#5dPEQ@du~x!#1dPCM@dDB~x!#50
(33)

which impliesdPEQ50 anddPCM50. The mixed formulation is
schematically represented in Tonti’s diagram~Fig. 8!.

PEQ is defined by Eq.~11! and its first variation is

dPEQ@du~x!#5E
L
duT~x!@]B

TDB~x!2]b
TDb~x!#dx50 (34)

wheredu(x)5a compatible virtual displacement field. In order
move the differential operators]B and]b from the section forces

Fig. 8. Tonti’s diagram for reinforced concrete beam with bond sl
Hellinger–Reissner mixed formulation
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DB(x) and bond-interface forcesDb(x) to the virtual displace-
ment fielddu(x), integration by parts is applied to Eq.~34!

E
L
$@]Bdu~x!#TDB~x!1@]bdu~x!#TDb~x!%dx5dUTP (35)

wheredUTP5the boundary terms and represents the external
tual work done by the element virtual nodal displacementsdU on
the externally applied nodal forcesP. Upon application of the
linear incremental form of the material constitutive law Eq.~9!
and after imposing the bond-interface compatibility Eq.~8!, Eq.
~35! is written as

E
L
duT~x!@]B

TDDB~x!1]b
Tkb

0~x!]bDu~x!#dx

5dUTP2E
L
duT~x!@]B

TDB
0~x!1]b

TDb
0~x!#dx (36)

Eq. ~36! is the linear incremental form of the virtual displac
ment principle. As for the variation of the second term in Eq.~32!,
dPCM is written as

dPCM@DB~x!#5E
L
dDB

T~x!@]Bu~x!2dB~x!#dx50 (37)

wheredDB(x)5a virtual, equilibrated force field that serves
weight function. Upon substitution of Eq.~10! and after express
ing the displacement field in its linearized formu(x)5u0(x)
1Du(x), Eq. ~37! is written

E
L
dDB

T~x!@]BDu~x!2fB
0~x!DDB~x!#dx

5E
L
dDB

T~x!@dB
0~x!2]Bu0~x!#dx (38)

Eqs. ~36! and ~38! form the backbone of the H–R mixed finit
element formulation for the RC frame element with bond s
They are combined into the following form:

E
L
H du~x!
dDB~x!J TF ]b

Tkb
0~x!]b ]B

T

]B 2fB
0~x!

G H Du~x!
DDB~x!J dx

5dUTP2E
L
H du~x!
dDB~x!J TH ]B

TDB
0~x!1]b

TDb
0~x!

]Bu0~x!2dB
0~x! J dx (39)

To obtain the discrete form of Eq.~39!, the beam force and
displacement fields are expressed in terms of the nodal force
grees of freedomQR ~to be specified later in the paper! and the
nodal displacementsU through the force and displacement sha
functions, respectively,

u~x!5 H ū~x!
u% ~x!J 5H Nū

H–R~x!

Nu%
H–R~x!J U5Nu

H–R~x!U
(40)

DB~x!5H D̄~x!

D% ~x!
J 5H N

F̄

H–R
~x!

N
F%
H–R

~x!J QR5NF
H–R~x!QR

where superscript H–R5the H–R mixed formulation.Nū
H–R(x)

and Nu%
H–R(x) contain the displacement shape functions for

beam and bar displacements, respectively.N
F̄

H–R
(x) andN

F%
H–R

(x)
contain the force shape functions for the beam and bar for
respectively. Upon substituting Eq.~40! into Eq. ~39! and from
the arbitrariness ofdQR anddU the following equation results:
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,

FKb
0 TT

T 2F̄B
0G H DU

DQR
J 5H P2TTQR

02Qb
0

ŪRr
0 J (41)

whereKb
05the contribution of the bond interfaces to the eleme

stiffness matrix, defined as

Kb
05E

L
Bb

H–RT

~x!kb
0~x!Bb

H–R~x!dx (42)

with BB
H–R(x)5]BNu

H–R(x), Bb
H–R(x)5]bNu

H–R(x). F̄B
0 is the beam

flexibility matrix, defined as

F̄B
05E

L
NF

H–RT

~x!fB
0~x!NF

H–R~x!dx (43)

Matrix T serves as the transformation matrix between the fo
degrees of freedom and the displacement degrees of freedom
is defined as

T5E
L
NF

H–RT

~x!BB
H–R~x!dx (44)

ŪRr
0 contains the beam nodal displacement residuals and is

fined as

ŪRr
0 5E

L
NF

H–RT

~x!dB
0~x!2TU0 (45)

Qb
05the contribution of the bond interfaces to the element for

Qb
05E

L
Bb

H–RT

~x!Db
0~x!dx (46)

The right-hand side of Eq.~41! contains the force and dis
placement residuals, which correspond to the weak forms of e
librium and compatibility, respectively.

In view of the element implementation into a general-purpo
finite element program, the force degrees of freedoms in Eq.~41!
are eliminated using static condensation. Consequently, the f
continuity between adjacent elements is locally relaxed. From
second equation in Eq.~41! the beam element nodal forces a
computed asDQR5(F̄B

0)21(TDU2ŪRr
0 ) and they are substituted

into the first equation in Eq.~41! to obtain

~TT~ F̄B
0 !21T1Kb

0!DU5P2TTQR
02Qb

01TT~ F̄B
0 !21ŪRr

0

(47)

where the termTTQR
01Qb

02TT(F̄B
0)21ŪRr

0 represents the elemen
forces. In Eq.~47!, Qb

0 are forces directly dual to the nodal dis
placementsU, while QR

0 and (F̄B
0)21ŪRr

0 represent the noda
forces at the force degrees of freedom. These latter are prem
plied by the transformation matrixT to become dual to the noda
displacementsU.

In order to ensure numerical stability of the solution, the e
ment degrees of freedom and the element displacement and
shape functions cannot be arbitrarily selected for mixed eleme
as discussed in Zienkiewicz and Taylor~1989!. For the extreme
case whenKb

0 in Eq. ~47! vanishes, the element stiffness matr
TT(F̄B

0)21T should have the correct number of zero eigenvalu
corresponding to the number of rigid body modes to ensure
bility of the formulation. This condition is satisfied if the rank o
the element stiffness matrix is not smaller than the number
displacement degrees of freedom minus the number of rigid b
modes. The rank of this term cannot be greater than the ran
(F̄B

0)21. In other words, the number of force degrees of freed
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nR cannot be smaller than the number of displacement degree
freedom without rigid body modesnŪ ~Ayoub and Filippou 2000!

nR>nŪ (48)

The above condition is necessary but not sufficient to ensure
ement convergence.

The degree of the displacement shape functions is sele
after considering the variational indices in Eq.~37!. Because the
first derivative of the axial displacement and the second deriva
of the transverse displacement appear in Eq.~37!, C0 and C1

continuous functions are selected for the axial and transverse
placements, respectively. As a result, a cubic Hermitian poly
mial is used for the beam transverse displacement and quad
polynomials are used for the beam and bar axial displaceme

The selection of the degree of the force shape functions c
siders de Veubeke’s principle of limitation~de Veubeke 1965!,
which states that there is no further improvement in accur
obtained by increasing the degree of the force fields beyond
degree of their corresponding deformation fields. The above l
tation is only pertinent to the linear elastic case. Higher or
force shape functions may possibly improve the element per
mance in the inelastic range but they were not considered in
present study in order to minimize the computational cost of
element. Because the cubic transverse displacement implies
ear curvature variation and the quadratic axial displacement
plies a linear axial strain variation, linear bending moment a
axial force variations were selected for the force shape functi

The displacement degrees of freedom that derive from
above considerations are shown in Fig. 9~a!. The displacemen
degrees of freedom use a three-node beam withn three-node bars
Each end node has 31n degrees of freedoms, three for the bea
and one axial displacement for each of then bars with bond
interfaces. The middle node has only 11n degrees of freedoms
one axial displacement in the beam and one axial displacem
for each of then bars with bond interfaces. As a result, the ax
displacement distributions in the beam and in the bars with b
interfaces are quadratic; the transverse displacement distribu
in the beam is cubic and the distribution of bond slip is quadra

Fig. 9. Mixed reinforced concrete element with bond slip
f

-

d

-

ic

-

-
-

.

t

n

The combination of a two-node beam withn two-node bars
with bond interfaces is used to define the element force degree
freedoms without rigid body modes@Fig. 9~b!#. Each node has
21n degrees of freedoms, one for the axial force and one for
bending moment in the beam, plus one axial force for each of
n bars with bond interfaces. The nodal force componentsR in Fig.
9~b! are grouped in the beam nodal force vectorQR . Conse-
quently, the beam axial force, the beam bending moment, and
bar axial forces are all linear.

Summary

This is the first of two papers proposing three formulations fo
RC frame element with bond slip in the rebars. The main obj
tive of this paper is to present the derivation of the govern
differential equations~strong form! and to derive three differen
finite element formulations~weak forms! for the RC frame ele-
ment with bond interfaces. The three finite elements are base
the displacement-based, the force-based~hybrid!, and the
Hellinger–Reissner mixed formulations. The displacement-ba
element is derived from the principle of stationary potential e
ergy functional and uses displacement-shape functions to exp
the beam and steel bar displacement fields in term of nodal
placement degrees of freedom. The force-based~hybrid! element
is derived from the principle of stationary total complementa
potential energy functional and employs force-shape function
express the internal force fields in terms of force degrees of f
dom. In this element, the element bond forces at selected re
ence points serve as internal redundant forces, and are stat
condensed out in order to implement the element into a gene
propose displacement-based finite element program. As a re
the bond force continuity between adjacent elements is loc
relaxed. The mixed element is derived from the principle of s
tionary Hellinger–Reissner mixed functional. Force shape fu
tions are used to express the beam internal force fields in term
the beam force degrees of freedom and displacement shape
tions are used to express the bond-slip fields in terms of the
ment displacement degrees of freedom. In the mixed element
beam force degrees of freedom are statically condensed ou
order to implement the element into a general-purpo
displacement-based finite element program. Thus, the beam f
continuity between adjacent elements is locally relaxed. The
bility requirements on the order and continuity of the displac
ment and force shape functions for the mixed element are es
lished. Finally, Tonti’s diagrams are used to schematica
represent the set of basic governing equations for both strong
weak forms. The companion paper by Limkatanyu and Spac
~2001! discusses the implementation issues of the three diffe
formulations in a general purpose nonlinear structural anal
software and presents a set of applications and parametric stu
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Notation

The following symbols are used in this paper:
BB

DB , Bb
DB , 5 beam and bond deformation-

displacement matrices for the
displacement-based formulation;

BB
H–R, Bb

H–R 5 beam and bond deformation-
displacement matrices, respec-
tively, for H–R mixed formulation;

DB , D̄, D% , Db 5 section, beam, bar, and bond force
arrays, respectively;

Dbi 5 bond interface force ini bar;
dB , d̄, d% , db 5 section, beam, bar, and bond defor-

mation arrays, respectively;
F̄B 5 beam element flexibility matrix

~H–R formulation!;
F̄ 5 element flexibility matrix~force-

based formulation!;
F̄BB , F̄bb, F̄bB 5 beam-bond flexibility matrices;

fB , fb 5 section and bond flexibility matri-
ces;

K , KB , Kb 5 element stiffness matrix, beam, and
bond contributions toK ;

kB , kb 5 section and bond stiffness matrices;
MB 5 beam section bending moment;

Nu
DB , Nū

DB , Nu%
DB

5 displacement shape functions in
displacement-based formulation;

Nu
H–R, Nū

H–R, Nu%
H–R

5 displacement shape functions in
H–R mixed formulation;

NBB
FB , NBb

FB , NbB
FB , Nbb

FB 5 force shape function matrices in
force-based formulation;

NF
H–R, N

F̄

H–R
, N

F%
FH–R

5 force shape function matrix for
H–R mixed formulation;

NB , Ni 5 beam andi bar axial forces;
nR , nŪ 5 number of unknown forces and

displacements~without rigid body
modes!;

P 5 element external nodal force array;
p 5 element force array;

py 5 transverse distributed load;
Q, QB , Qb 5 element internal nodal force array,

beam, and bond contributions to
Q;

Q̄ 5 element nodal force array without
rigid modes;

Q̄b 5 reference bond force array;
QR 5 beam element force array at force

degrees of freedom in H–R formu-
lation;

r̄ , r̄b 5 element nodal and bond-interface
deformation arrays;

T 5 transformation matrix;
U, Ū 5 element displacement array, with

and without rigid body modes;
ŪB , Ūb 5 beam and bond contributions toŪ;

ŪRr 5 beam element displacement re-
sidual array;

u, ū, u% 5 element section, beam, and bar
displacement arrays;

uB , vB 5 beam axial and transverse displace-
ments;
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ui , ubi 5 axial displacement and relative
slip, respectively, ini bar;

VB(x) 5 beam section shear force;
yi 5 distance ofi bar from section ref-

erence axis;

]B53
d

dx
0 ] 0 0 0

0
d2

dx2 ] 0 0 0

¯ ¯ ¯ ¯ ¯ ¯

0 0 ]

d

dx
¯ 0

0 0 ] 0 ¯ 0

0 0 ] 0 ¯

d

dx

4
5 beam differential operator;

]b5F 21 y1

d

dx
1 0 0

¯ ¯ ¯ ¯ ¯

21 yn

d

dx
0 0 1

G
5 bond differential operator;

«B , « i 5 beam andi bar axial strain;
kB 5 beam curvature;

PHR , PEQ, PCM 5 H–R mixed functional, equilibrium
and compatibility contributions to
PHR ; and

PPE, PCPE 5 total and complementary potential
energy functionals.
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