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Abstract

This paper presents two general formulations of one-dimensional structural members with deformable interfaces. The interface
accounts for the bond-slip between the element components. The first formulation is the classical displacement-based formulation;
the second one is a novel force-based approach. The two formulations are derived from the equilibrium and compatibility differential
equations of the problem. A special force recovery procedure, based on residual deformations, is presented for the force-based
formulation. Two applications are used to illustrate the two formulations: the first is a reinforcing bar with bond slip, the second
is a steel-concrete composite beam with partial interaction between the steel beam and the concrete slab. Examples of a bar with
bond failure and of a composite beam with weak connection show the precision of the force-based element and its capability to trace
the complex response of softening members with a limited number of elements. © 2001 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Recent years have seen the rapid development of
force-based formulations for one-dimensional elements,
in particular for reinforced concrete members that may
show a softening response under axial loads and large
lateral deformations. The force-based formulation is
particularly attractive for beam elements, since equilib-
rium can be satisfied exactly along the element, leading
to elements that are much more accurate than classical
displacement-based elements. The original issue of
inserting force-based elements in a general purpose finite
element (FE) program has been addressed, among
others, by Carol and Murcia [1], Molins and Roca [2],
Spacone et al. [3] and Petrangeli and Ciampi [4]. The
precision of these elements leads to a drastic reduction
in the number of structural degrees of freedom, since in
most cases only one frame element per structural mem-
ber is needed.

* Corresponding author. Tel.: 1-303-998-0697, fax: 1-303-998-
0698.
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Extension of the force-based formulation to one-
dimensional members with bond-slip is very important
for cases where the partial interaction between different
structural components has a significant influence on the
overall member response. This is the case, for example,
of reinforcing bars with bond-slip, reinforced concrete
members with bond slip in the rebars and steel-concrete
composite beams. There is widespread experimental evi-
dence that bond-slip plays an important role in increas-
ing the flexibility of reinforced concrete frames, due to
bond-slip in the rebars anchored in the foundations or
to bond-slip in the beam—column joints. The interaction
between steel beam and concrete slab in a composite
member is also quite important, especially in determin-
ing the effective stiffness of a composite structure. The
accurate prediction of the structural stiffness is funda-
mental in the analysis and design of buildings in seismic
active regions. Large differences in the stiffness predic-
tion may lead to gross over or under-estimation of the
forces and displacements acting on the structure under
the design ground motion.

The main goal of the study presented in this paper
was to develop a force-based beam FE for steel-concrete
composite beams with partial interaction between the
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steel beam and the concrete slab. The interaction is due
to the slip of the shear studs commonly used in this type
of construction. Before developing the composite beam
element, the formulation was tested on a simpler bar
element with bond-slip. The formulation is identical, but
the displacement and deformation fields are much sim-
pler for the bar element.

Starting from the basic differential equations of a one-
dimensional element with bond slip (mainly equilibrium
and compatibility), this paper presents two general
element formulations, the first one displacement-based,
the second one force-based. The original element force
recovery procedure for force-based elements is presented
in detail, together with its extension to the one-dimen-
sional element with bond slip. The formulations are gen-
eral, and two applications are used to showcase the capa-
bilities of the force-based formulation and to compare it
to the displacement-based formulation. One is the prob-
lem of a steel rebar with bond-slip, the second is the
problem of a steel-concrete beam with partial connec-
tion. The applications presented are aimed at showing
the precision of the proposed force-based element and
its capability of describing complex structural responses
with very few elements. From a computational stand-
point, the most interesting and challenging of such cases
is softening due to bond failure.

2. Definitions and problem differential equations

In the present formulations, the deformable body con-
sists of two basic components, namely the main body
and the interface. The main body is the principal load-
carrying component and is divided into different sub-
components by the interface. Only one-dimensional
components are considered in this paper. All components
are assumed straight and geometric nonlinearities are
neglected. Even though the formulations presented here-
after are expressed in general terms, two applications are
considered. One is a reinforcing bar with bond-slip, the
second is a steel-concrete composite beam with partial
interaction between the steel girder and the concrete
slab. The steel rebar is shown in Fig. 1. The concrete is
modeled as a rigid body, and the interaction between
rebar and concrete is lumped in the nonlinear bond-slip
constitutive law. The composite beam is illustrated in
Fig. 2. The general model includes slab uplift. In the
following formulation, however, uplift is neglected,
since there is not sufficient experimental evidence sup-
porting the importance of uplift in the response of steel—
concrete composite beams.

The displacement field for the steel rebar of Fig. 1 is
simply the axial displacement u(x)=u(x) of the rebar. The
deformation field is the axial strain e(x)=¢(x) and the cor-
responding force field is the axial load s(x)=N(x). For
the composite beam of Fig. 2, the displacement fields
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Fig. 1. Reinforcing bar with bond slip: forces on an infinitesimal
element.
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Fig. 2. Composite beam with deformable connection: forces on an
infinitesimal element.

are u(x) = {v(x) up.(x) uo(x)’}, where v(x) is the vertical
displacement (identical in the beam and in the slab from
the assumption of zero uplift), uy.(x), uo(x) are the axial
displacements of the concrete slab and of the steel beam,
respectively, at their reference axes (indicated by
subscript  0). The  deformation  fields are
e(x) = {K(X) €0c(x) Eps(x)}7, where k(x) represents the
curvature and &,.(x), €(x) are the concrete slab and the
steel beam axial strains, respectively. The corresponding
force fields are s(x) = {M(x) N.(x) N,(x)}7, where M(x) is
the composite section bending moment and N (x), N(x)
are the concrete slab and the steel beam axial forces,
respectively. The element vectors are summarized in
Table 1.
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Table 1

Definitions of element vectors for bar with bond slip and for steel-concrete composite beam with partial connection

Composite beam with partial connection

Vectors Bar with bond-slip
Displacement field u(x)=u(x)
Section deformations e(x)=¢e(x)
Section forces S(x)=N(x)
Differential operators 0=d/dx

0,=1

u(x)={v(x) o(x) to(x)}" (1)*
e(0)={k(x) £0e(x) E0s(x)}" (2)*
s(0)={M(x) N.(x) N;(x)}" (3)*

d2 -

@00

a={0 —
O &

0 0 —

ab=[H— 1-1

The differential equations of equilibrium for the
deformable body under consideration can be written in
the following matrix form

078(x) — 98,(x) —p(x)=0 e))

where 0, 9y, are derivative operators defined in Table 1,
sp(x) is the generalized interface force vector, and p(x)
is the body force vector.

Under small displacements, the compatibility con-
ditions can be written as follows

e(x)=0u(x) e,(x)=a,u(x) (2)

where ey(x) is the bond-slip (or the relative
displacement) at the interface. The above differential
equations form the basis of the two FE formulations
presented in the following section.

3. Finite element formulations

Two distinct FE formulations are presented hereafter
for modeling the behavior of one dimensional elements
with bond-slip. A classical displacement-based formu-
lation is briefly described first, followed by the presen-
tation of a force-based formulation. The formulations are
first discussed in a general format. Applications to the
bar with bond slip and to the composite beam with par-
tial connection are presented later in the paper. In the
following formulations, dependency of section forces
and deformations on x is omitted in order to simplify
the notation. In addition, the body forces p(x) are omitted
since they are not central to the formulations.

3.1. Displacement-based element
In a displacement-based FE formulation, the element

displacements are expressed in terms of the element
nodal displacements through appropriate displacement

interpolation functions. Section deformations are
obtained by enforcing the compatibility conditions of
(2). Compeatibility is thus satisfied in a strict sense along
the element. By applying the force—deformation relations
at any section, section forces can be obtained. Section
forces must satisfy the equilibrium conditions in (1). To
enforce these conditions at the current element state, (1)
is multiplied by a kinematically admissible virtual dis-
placement field du and integrated over the body as fol-
lows

J ou’(07s—0!s,)dx=0 3)
L

First, the section forces are written in the incremental
forms s=s°+As and s,=s’+As,. Second, the force—defor-
mation relations are linearized, thus As=k°Ae and
As,=k%Ae,, in which k° and k{ are the section initial
stiffness matrices of the main body and the interface,
respectively. Last, compatibility is imposed by enforcing
(2). Eq. (3) then becomes

J ou’{97(s°+k°dAu)—dI(s)+ k29, Au) }dx=0 4)
L

Eq. (4) requires integration by parts, which yields the
following equation, expressed in matrix form

J {8(5u) }T[ko 0 ]{8(Au) }dx
Ldy(6w)) 10 KkP]l9,(Au)
=[Boundary Terms]—J d(ou)’s%dx (5)

— j 0, (0u)’s2dx
L

Eq. (5) expresses the integral form of equilibrium and
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is the basis for the displacement-based FE formulation
of the deformable bodies of Fig. 1 and Fig. 2.

In a displacement-based FE formulation, the displace-
ments u(x) along the element are approximated in terms
of the nodal displacements U using displacement shape
functions N, (x) as follows

u=N,U (6)

Upon substitution of (6) into (7), elimination of 6U from
arbitrariness considerations and p accounting for the
external virtual work SUTP, which derives from the
boundary terms in (5), the following relation results

B |7k° 0 |(B
G110 oty fasu=p-] v )
L\By) [0 Kk)IUB, L

—J BlsPdx
L

where B=9dN, and B,=9,N,. Eq. (7), which represents
the discretized form of the governing equations, can be
written as

K°AU=P-Q° (8)

where K°=K$+K? is the element stiffness matrix. K§ is
the main body contribution and K¢, is the bond contri-
bution, defined as follows

Ko= J B’k’Bdx KO= J B/kIB,dx )
L L
Q%=Q%+QY are the element forces, where Qf is the main

body contribution and Qf is the bond contribution,
defined as

Q4= f B's%dr Q)= f Bis{dx (10)
L L

The selection of the interpolation functions depends
on the particular element at hand and is discussed in the
Applications section.

3.2. Force-based element

The force-based formulation for one-dimensional
elements has seen a rapid development in recent years.
The force-based formulation is particularly attractive for
beams, because the equilibrium conditions are always
satisfied point-wise along the element, irrespective of the
material behavior of the section. The bending moment
is linear and the axial load constant, thus ‘exact’ force
interpolations functions can be selected. If element loads
are present, the interpolation functions are easily
extended. Difficulties arise when the element is inserted
in a general-purpose FE program.

A fully consistent element iterative procedure is pro-

posed by Spacone et al. [3] to find the element forces
corresponding to the nodal displacements. Neunhofer
and Filippou [5], Petrangeli and Ciampi [4] and Petrang-
eli et al. [6] later simplified the algorithm by showing
that a first approximation of the element forces can be
obtained without element iterations, and that nodal equi-
librium eventually leads to satisfaction of the element
equations. The extension of the force-based formulation
to the bar elements with bond-slip of Fig. 1 was
accomplished by Monti et al. [7], but this formulation
leads to a non-symmetric stiffness matrix. Salari et al.
[8] proposed a force-based formulation for the composite
beam of Fig. 2, but the element is not completely gen-
eral, because it fails to converge when bond fails and
the bond-slip law softens. The shortcomings in force-
based approaches described above are avoided in the for-
mulation presented here.

In a force-based FE formulation, the element is typi-
cally developed without rigid body modes, because the
element flexibility matrix is eventually inverted to yield
the element stiffness. In order to simplify the notation,
the following derivation bears no distinction between
element with and without rigid body modes, since simple
transformations relate the two systems when a small dis-
placement theory is followed.

The first step in the formulation enforces the compati-
bility conditions of the element. Eq. (2) are multiplied
by statically admissible virtual force fields ds and Jsy,
respectively, and the product is integrated over the body
as follows

J SST(e—(')u)dx+j osi(e,—9,u)dx=0 (11)

The section deformations e and e, are substituted
using the linearized force—deformation relations
e=e’+f°As and e,=ep+fpAs,, respectively

J Os’(e®+f°As— 8u)dx+J Ost(e)+1As,—o,u)dx  (12)
L

L
=0

where f° and £} are the initial section flexibility matrices
of the main body and the interface, respectively. By per-
forming integration by parts and by applying the equilib-
rium conditions in (1), Eq. (12) reduces to the following
equation, expressed in matrix form

Os |[f° 0][As
dx=[Boundary Terms] (13)
L 55b 0 fg ASb
[ oo 1)
— dx
\6s,) lepd
In the force-based element, the internal forces of the
main body, s, and the interface forces, s, are interp-
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olated in terms of the element nodal forces Q and the
interface forces Q, at selected reference points along the
interface. The resulting expression is

HEN Y a
Sb Nos N 11Qy
where Ngg, Ngp, Ny, and Ny, are the force interpolation
functions. Subscript B refers to the main body, and ‘b’
refers to the bond. In (14), it is assumed that no element
loads are applied and the internal forces are functions of
the nodal forces and of the reference interface forces
alone. If the element is subjected to element loads, their
contribution is easily added to (14) through equilibrium.
Next, (14) is expressed in incremental form (the shape
functions do not change because they are based on
equilibrium) and substituted into (13). By considering
the virtual work done by the virtual nodal loads under
the nodal displacements U, and after eliminating the
nodal virtual forces for arbitrariness arguments, the fol-
lowing expression is obtained

Fs FS (A U Nig Ng, |7[e€
e lso) o)L el 09
Fos Fp, 11AQ, 0 rLNbg Nip e
where
Fp= J (NEf'Npp+NipfiN,p)dx
L
Fng(FgB)T

(16)
F3.= f (NERf'Npy+NipfoNy,)dx
L

Fo= f (NEf'Npp+NipfoN,, ) dx
L

The reference interface forces AQ, are obtained
through static condensation of (15). From the second
equation

AQ,=—(Fp,) {FsAQ+T} (17)

where

U= f (NEpe”+N{ep)dx (18)
L

The bond forces Q, can be interpreted as the redun-
dant forces of the problem, which are found by imposing
compatibility of the element displacements. By substitut-
ing (17) into the first row of (15), the governing matrix
equation of the element is obtained

FPAQ=U-U}-U} 19)

where F is the element flexibility, given by

FO=Fpp—Fy,(Fo,) 'Fis (20)

UY and U} are the contributions of the main body and
the interface deformations to the nodal displacements,
respectively

Up= J {Nis —Fpu(Fp,) ' Nj,, Jedx 20
L
Up :f {NEs—F2o(Fpp)'Ni, Jepdx
L

In order to use the present formulation in a general-
purpose displacement-based FE analysis code, the flexi-
bility matrix F must be inverted to obtain the element
stiffness matrix. After inversion, the rigid body modes
are added using simple transformation matrices.

4. Element force recovery

The element force recovery, i.e. the computation of
the element resisting forces corresponding to the element
displacements, requires a special procedure in force-
based elements and is discussed in detail in this section.
For reference purposes, the element force recovery pro-
cedure for displacement-based elements is quickly
revisited first. The element force recovery procedures for
both formulations are summarized in Table 2.

4.1. Displacement-based element

The force recovery for this element is straightforward.
The section deformations are obtained from the element
displacements via the displacement interpolation func-
tions. The corresponding section forces and stiffness are
found from the section model. The element stiffness
matrix K is then assembled from K=K;+K,, with Ky
and K, defined in (9) and the element forces are com-
puted from Q=Qz+Q,, with Qy and Q, defined in (10).

4.2. Force-based element

Computing the element resisting forces in force-based
elements is not as straightforward as in displacement-
based elements. The main reason is that the displacement
interpolation functions used in Eq. (10) are not available
in force-based elements. Thus, the section deformations
cannot be obtained from the nodal displacements, and
the element forces cannot be computed from the section
forces. Following early works by Mahasuverachai and
Powell [9] and Zeris and Mahin [10], Spacone et al. [3]
proposed an element iterative procedure that yields the
element forces based on residual, or incompatible, dis-
placements. A simplified version of the procedure was
introduced by Petrangeli and Ciampi [4] and by Neuen-
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Table 2

Element state determination of displacement-based and force-based one-dimensional finite elements with bond-slip (Ay=—(Fy,) " Fyp)

Step Displacement-based algorithm

Force-based algorithm

Element force increment

Section forces

Section deformations e=BU
e,=B,U

Section state determination k=k(e)
Sg=sr(€)
ky=ky(e)

Sbr=Spr(€)

Section residual deformations

Element stiffness K=/, B’kBdx

+/1B{k,B,dx
Element residual deformations
Element forces

Section forces

Section deformations

Q=/1B"sgdx+/ Bfs,rdx

AQ=K°AU
AQ,=ASAQ—(F},)'0

As=N,AQ+N3,AQ,
s=s"+As

Asy=Nps AQ+NypAQ,
S,=Sh+ASs,

e=e"+{*As
e,=ep+0As,

f=f(e)
Sr=Sr(€)
f,=f,(e)
Spr=Spr(€)

e=f(s—sg)
€, =f,(Sp—Spr)

F=Fp5—Fpy(Fu) 'Fop
K=F"'

U=/{Ngp—Fpy(Fy,) "N, Je,dx
+[L{N—Fpyp(Fub,) ' Ni, J ey, dx

Q=Q°+AQ—KU,
Q=Q0+AQ,— A KU,

s=s—[Npp+Ngp, A, ] KU,
$5=5p — [Nos+NppAp JKU,

e=e+e,—f[Ngp+Ng, A, ] KU,
e,=e,+e,, —f,[Npp+NpuAp KU,

hofer and Filippou [5]. The force-based formulation was
applied by Monti et al. [7] to a bar element with bond-
slip. The procedure is extended here to the general case
of line elements with bond-slip.

The steps followed in the force recovery of force-
based elements are schematically illustrated in Fig. 3.
The force recovery consists of an iterative procedure at
the element level based on the constraint that the element
nodal displacements U remain constant while the
element forces and the section deformations and forces
are adjusted. Convergence is reached when the element

Q4 Element

e ! N;, ("KIU:)
I T T s, ,/T” A
AQi ASI'
l / i l //,r s’

Q s
! T/ f
A v /]| 1 e

: : ¥
U U’ et e
-AU' - — Al —

Fig. 3. Element force recovery procedure for force-based elements.

compatibility is satisfied in an integral sense, that is
when the integral of the section deformations of (21) is
equal to the element nodal displacements U, or, in other
words, until the right-hand side of (19) goes to zero. In
the current application, the tangent stiffness and flexi-
bility matrices are used, thus the method corresponds to
Newton—Raphson iterations under constant displace-
ments U. The procedure applies to softening materials
and softening members too, because it is carried out
under imposed displacements and force peak points are
easily passed (Spacone et al. [3], Petrangeli [11]). The
formulation presented in this paper fully extends the
force-based approach to elements with bond-slip.

The procedure is reviewed here for a single iteration
at the nodal degrees of freedom (structural iteration) and
is discussed for the general case of a beam element (Fig.
3). Its extension to the beam element with bond-slip con-
tains some additional steps that regard bond, but the
overall scheme remains identical and is summarized in
Table 2. The problem at hand is to determine the element
forces Q' at the current global load step i, when the
element displacements are incremented from those at the
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previous step U'™! to the current values U=U"'+AU'",
First, the linearized element force increment is computed
using the last stiffness, that is AQ=K'AU’. Using the
force interpolation functions, the section force
increments are computed as As=Nyz;AQ’. The section
forces are updated to s’=s""'+As'.

The new section deformations e corresponding to s’
must be computed. The most direct solution computes
the deformations of point A in Fig. 3, but two problems
arise: (1) most constitutive laws are defined in the strain
or deformation space, that is the stresses are computed
from the strains; (2) the procedure fails for softening
constitutive laws, such as those used for concrete and for
bond slip in the present paper. An alternative procedure
approximates the section deformations by consistent lin-
earization of the section constitutive law. This is
accomplished by computing the section deformation
increments from the last section flexibility as
Ae’=f"'As’. The section resisting forces si and the new
section stiffness matrix k can be computed from the total
section deformations e’=e"~'+Ae’. Section equilibrium is
however violated, because the applied forces
s'=s""'+As’ and the resisting forces s are not identical.
The unbalance force vector s;=s'—sk is transformed into
a residual deformation vector e=fsi,. Using the force
interpolation functions, the element residual displace-
ment vector is computed as Ui=[,Njzeidx. The residual
displacements U‘ are incompatible with the element dis-
placements U, thus a corrective force vector —K'UL is
applied to the element. Correspondingly, the section
forces change by Ny,(—KU)) and the section defor-
mations by N5 (—K"Ui). The final value of the element
forces is Q=Q'+K!'AU—KU!, that of the section
forces s'=s"'+Np(K'AU'—KUi), and that of the sec-
tion deformations e=e" '+ (N K 'AU ) +ei—
fi(NysKU) (Fig. 3).

At this point two procedures are available. Spacone
et al. [3] continue the iterations until perfect convergence
is reached, i.e. until the section residuals disappear (the
iterations are indicated by the thin lines in Fig. 3).
Petrangeli and Ciampi [4] and Neunhofer and Filippou
[5] suggest to stop the procedure after the first iteration
(end of the thick line in Fig. 3): structural equilibrium
eventually guarantees convergence of the element
incompatible displacements to zero. The first procedure
is more precise and yields faster global convergence. It
is however computationally more demanding at the
element level. It should also be noted that convergence
is faster than what schematically indicated in Fig. 3,
unless very large load steps are used. The second pro-
cedure is computationally less demanding at the element
level, but does not guarantee quadratic convergence of
the Newton—Raphson iterations at the structural level. In
both procedures, when equilibrium is reached at the
nodal degrees of freedom: (1) element equilibrium is sat-

isfied in an exact form (through the force interpolation
functions); (2) compatibility is satisfied in an average
sense (the weighted integral of the section deformations
is equal to the element displacements); (3) the section
constitutive laws is satisfied exactly (i.e. within the pre-
scribed tolerance).

The above force recovery procedure and the summary
in Fig. 3 refer to the general case of a nonlinear beam
element. The one-step force recovery procedure
presented here and illustrated in Fig. 3 is very similar
to that proposed by Neunhofer and Filippou [5], with a
difference in the updating of the section deformations
due to the section residual deformations. The authors
prefer the proposed procedure because it guarantees
element compatibility even in cases where nodal conver-
gence is not reached, as may be the case in some inter-
mediate load steps in a nonlinear static or dynamic
frame analysis.

For the case of a beam with perfect bond, the above
force-based formulation leads to the ‘exact’ solution of
both the Euler-Bernoulli and the Timoshenko beam
problems. When compared with displacement-based
elements, force-based elements lead to a drastic
reduction of the global number of degrees of freedom,
since a single element can be used for each structural
member in a frame analysis. This is of particularly
importance in the application of static and dynamic non-
linear analyses to seismic analysis and design of build-
ings, as outlined in new seismic design guidelines of
FEMA 273 [12].

For the case of beam elements with bond slip, the
formulation does not lead to the exact problem solution,
since the bond fields along the element are not exactly
known. The force recovery procedure for these elements
is summarized in Table 2. The performance of the pro-
posed force-based elements for this case is discussed in
the next section.

5. Applications

Two applications are presented here to illustrate the
performance of the above element formulations. The first
is the problem of a reinforcing bar with bond-slip
embedded in concrete (Fig. 1). The second is the prob-
lem of a steel-concrete composite beam with partial
interaction between steel beam and concrete slab (Fig.
2).

In both applications, uniaxial constitutive laws are
used to derive the section responses. The material laws
are schematically illustrated in Fig. 4. For the bar
element with bond slip, the steel bar follows the Meneg-
otto—Pinto [13] law. The Eligehausen et al. [14] law is
used for the bond-slip. For the composite beam, the fiber
section model is used to derive the response of the steel
beam and of the concrete slab sections. The fiber section
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Fig. 4. Uniaxial constitutive laws.

model is discussed in Spacone et al. [3]. The steel and
bond-slip constitutive laws are those used for the steel
rebar with bond-slip, while the concrete uniaxial law fol-
lows the Kent and Park [15] model, modified to include
the tension response of the concrete. It should be noted
that tension in the concrete does not play a very
important role in steel-concrete composite beams, where
the concrete slab is mostly under compression. Finally,
even though Fig. 4 shows only the monotonic envelopes
of the constitutive laws and the following applications
discuss only examples with monotonic loads, the
element formulation and the material laws extend to cyc-
lic loads, as discussed in Salari [16].

5.1. Reinforcing bar element with bond-slip

A two-node force-based element is illustrated in Fig.
5. The element has a quadratic bond distribution and,
from equilibrium, a cubic axial load distribution in the
reinforcing steel bar. The explicit values of the force
interpolation functions are omitted here for the sake the
conciseness. The main reason for developing this force-
based bar element was to enhance the original two-node
force-based element developed by Monti et al. [7], where
the formulation leads to a non-symmetric stiffness
matrix. The original element by Monti et al. [7] has been
inserted in a fiber element with bond-slip in the steel
rebars [17], but the repeated use of a non-symmetric
stiffness increases the computational effort of the
element force recovery procedure.

Two numerical examples are reported. Both examples
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Fig. 5. 2-node force-based reinforcing bar element.

compare the experimental results obtained by Viwathan-
atepa et al. [18] with those obtained with the proposed
element. Five Gauss—Lobatto integration points were
used for both examples. The first example is the pull-
out test of an anchored bar, the second one is the push-
pull test of the same bar, this time loaded up to bond
failure. In both examples, a #8 (24.5 mm diameter) rein-
forcing bar is considered. The rebar is embedded in a
concrete block for 25 bar diameters (612.5 mm). In the
numerical studies the concrete block is assumed per-
fectly rigid. The effect of the pullout cone, which has
been observed in the experiments, is considered in the
bond-slip law [19]. Along the confined anchorage zone
of the bar, the bond material parameters corresponding
to the bond-slip law of Fig. 4 are: 7,=14.85 MPa, 7,=0.6
MPa, u,=1.0 mm, u,=3.0 mm, and u5=10.5 mm. For the
unconfined cover zone, which is assumed to extend for
a length equal to four bar diameters at both ends of the
bar, the bond material parameters are: 7,=8.0 MPa,
7,=2.5 MPa, u,=0.5 mm, u,=3.0 mm, and u;=10.5 mm.
The yield stress and the initial stiffness of the reinforcing
bar are f,=468.5 MPa and E=2.05x10° MPa, respect-
ively. A hardening ratio of 0.014 is considered in the
steel.

The results of the first test using six elements are
shown in Fig. 6. The bar is pulled at the right-end only.
Very good agreement is observed between the experi-
mental and the analytical results. The change in slope
in the stress-slip response of Fig. 6 at a steel stress of
approximately 500 MPa corresponds to first yielding of
the steel rebar. Bond reaches its maximum strength 7 at
the unconfined bar end, but overall pullout of the bar is
not observed because of sufficient embedment length.

The second case considers the same bar, this time
pulled at the right-end and pushed at the left-end. The
analytical response was obtained with six elements and
is superposed to the experimental result in Fig. 7. The
first major change in the response stiffness is due to
yielding of the steel rebar. As the applied end displace-
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Fig. 6. Monotonic pull-out test of anchored bar (experimental data
from Viwathanatepa et al. [18].
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Fig. 7. Monotonic push-pull test of anchored bar (experimental data
from Viwathanatepa et al. [18].

ments are increased, bond gradually fails until the entire
bar starts pulling out. No convergence problems were
observed during this or other problems involving soften-
ing of the bond-slip response. Though generally very
good, the overall match between experimental and ana-
lytical results could be improved, particularly in the
descending branch of the response, by changing the
parameters of the bond law. However, the authors pre-
ferred to use the same values in both the pull-out and in
the push-pull test to show the inherent scatter in the
material characteristics of the specimens. It is also worth
noting that if constant bond characteristics are used
throughout the specimen, only three force-based bar
elements are sufficient to obtain accurate results. As for
the displacement-based element, Ayoub and Filippou
[19] have shown that the three-node isplacement-based
element, when applied to the same tests, exhibit numeri-
cal instabilities (especially when the bar response starts
softening) unless a large number of elements is used.

5.2. Steel-concrete composite beam element

The two-node force-based steel-concrete composite
element used in this study is shown in Fig. 8. The
element has a cubic bond stress distribution. The choice
of this approximation stemmed from the consideration
that most tests on composite beams were performed on
simply supported beams with a midspan load. In this
case a parabolic bond distribution is not sufficient to
accurately describe the actual bond distribution, thus a
larger number of elements must be used. Cubic bond
stress interpolation functions yield a more precise bond
stress approximation. The force interpolation functions
for this element are given by Salari [16].

For comparison purposes, a three-node displacement-
based element is used in this study. The displacement-
based element was first proposed by Amadio and Fragia-
como [20] and by Daniel and Crisinel [21]. The middle
node of the element has only two horizontal degrees of
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Fig. 8. 2-node force based element with cubic bond force along
the beam.
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freedom, one for the concrete slab and one for the steel
beam. The element has a cubic shape function for the
transverse displacement and a parabolic shape function
for the axial displacement.

Several correlation studies with available experi-
mental tests are presented in Salari [16], most of them
on simply supported beams. For this study, a continuous
two-span composite beam is used, because of the
additional complexity presented by the continuity over
the middle support. The beam is schematically shown in
Fig. 9. The beam was tested under concentrated loads at
the two mid-spans and reached an ultimate load of
P,=148 kN as reported by Yam and Chapman [22]. The
complete load—displacement response is not provided by
Yam and Chapman [22]. The concrete compressive
strength is f.=47.6 MPa and the corresponding strain is
£€.,,=0.0025. The yield stress and the modulus of elas-
ticity for the steel girder are f,=296.5 MPa and
E=2.04x10° MPa, respectively. A steel hardening ratio
of 0.005 is considered. The shear connection between
the concrete slab and the steel girder is provided along
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Fig. 9. Continuous steel-concrete composite beam tested by Yam and
Chapman [22].
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Fig. 10. Load-deflection diagrams for continuous beam: displace-
ment-based element.

the beam by a total number of 92 headed shear studs
with 9.5 mm diameter. A uniformly distributed shear
capacity of 7,=440 N/mm with the corresponding slip of
1;,=2.25 mm is used in the first example.

Due to symmetry, only half of the beam is analyzed.
The load—deflection diagrams of the beam obtained with
the displacement-based element and with the force-based
element are shown in Figs. 10 and 11, respectively. The
figures also contain the ‘exact’ solution for the same
beam with full interaction (no bond-slip) and with no
interaction (no bond force). Convergence is much slower
with the displacement-based elements. It takes eight to
twelve elements for the response to stabilize, while two
force-based elements suffice to reach a satisfactory sol-
ution. The exact analytical bond force distributions along
the beam at different levels of mid-span deflection are
shown in Fig. 12. This solution was obtained using over
fifty displacement-based elements. The bond force distri-
bution obtained with four force-based elements per span
is presented in Fig. 13. The agreement between the two
distributions is quite good. It is worth pointing out the
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Fig. 11. Load—deflection diagrams for continuous beam: force-
based element.
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Fig. 12. Exact analytical bond force distribution along the beam.
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Fig. 13. Bond force distribution along the beam: force-based element.

jump, or discontinuity, in the bond-force between
elements. This is consistent with the force-based formu-
lation, where bond force continuity is not enforced at
the nodes. It is also interesting to note how in the exact
analytical solution the bond force is not zero under the
applied load, but closer to the simple supports, because
of the effect of the statically indeterminate forces. This
phenomenon is only partly captured in Fig. 13, where
the bond is not zero under the applied load, but changes
sign in the first element between the applied load and
the simple support. The average value of the bond force
under the applied load (computed as the average between
the bond forces in two adjacent elements) corresponds
to the positive bond value of the exact solution of Fig.
12. Finally, the cubic bond interpolation functions are
easily read from the bond distribution in the first element
between the applied load and the simple support. In spite
of this oscillation, the overall load—deflection response
of Fig. 11 does not lose stability.

Finally, the same beam was used to show the element
capability to describe not only concrete crushing and
softening, but also softening in the bond-slip law caused
by bond failure, for which the original formulation by
Salari et al. [8] failed to converge. For this purpose, the
beam of Fig. 9 was re-analyzed using a weaker bond
with the following properties, that refer to Fig. 3: 7,=300
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N/mm, u,=2.25 mm, u,=3 mm, 73=100 N/mm, u;=10
mm. The beam response, obtained with four force-based
elements per span, is shown in Fig. 14. The response is
almost linear elastic initially, followed by a strain hard-
ening region caused by yielding of the steel beam, up to
a tip displacement of approximately 60 mm. At this
point, bond reaches its capacity 7,, and starts softening.
The effect on the force—displacement response is also a
global softening. It is interesting to note that for larger
imposed displacements the response does not converge
to the response of the beam with no interaction (shown
in Fig. 11) but to a larger force of approximately 120
kN. This is due to the residual bond strength that remains
in the bond even after bond failure, as prescribed by the
final region of the bond-slip response with 73=100
N/mm.

6. Conclusions

The main scope of this paper is to present the general
formulation of force-based line elements (beams and
bars) with bond-slip and to compare it to the classical
displacement-based formulation. Existing force-based
formulations for line elements with bond-slip are not tot-
ally consistent and lead to non-symmetric tangent oper-
ators, or cannot describe the complete spectrum of
material behaviors, including failure and subsequent
softening in the bond-slip law. The proposed force-based
formulation is totally general and circumvents the above
shortcomings. In order to implement the force-based
element in a general-purpose FE program, a special force
recovery procedure is followed. This procedure is an
extension of previous formulations of force-based
reinforced concrete elements with perfect bond.

Starting from the problem differential equations, the
incremental forms of the displacement-based and of the
force-based formulations were derived. An element force
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Fig. 14. Load-deflection diagrams for continuous beam with bond
failure.

recovery procedure based on residual (or incompatible)
element displacements was presented. Two alternatives
were discussed, one that relies on element iterations that
lead to satisfaction of all the formulation fundamental
equations, the second one without element iterations,
computationally more efficient at the element level but
more demanding at the structural level.

The formulation was presented in a general frame-
work and applies to any line element with bond slip.
Two applications were presented: one to a steel reinforc-
ing bar with bond-slip embedded in a rigid concrete
medium, the second to a steel beam—concrete slab com-
posite beam with partial interaction due to flexibility of
the shear studs. Both applications show the precision and
reliability of the proposed force-based formulation. Even
though the applications cover only monotonic loading
cases, the formulation is totally general and applies also
to cyclic loads.

The proposed force-based formulation applies to the
case of any line element where bond-slip plays an
important role and needs to be explicitly considered. The
development of such elements is fundamental toward the
development of rational frame elements and their use
in nonlinear frame analyses. Such elements are of great
theoretical and practical use, as indicated by new seismic
design guidelines that require nonlinear static and
dynamic analyses of building systems for assessing their
performance under the design ground motions.
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