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ABSTRACT: This paper presents a new reinforced concrete beam finite element that explicitly accounts for the
slip between the reinforcing bars and the surrounding concrete. The element formulation combines the fiber-
section model with the finite-element model of a reinforcing bar with continuous slip. The section model retains
the plane-section assumption, but the steel fiber strains are computed as the sum of two contributions, the rebar
deformation and the anchorage slip. The model applies to any cross-sectional shape under biaxial bending and
both monotonic and cyclic loads. The model theoretical framework is presented first. A sensitivity study on the
monotonic and cyclic response of a reinforcing bar shows how the model traces the bar’s reduced initial stiffness,
bond degradation, and anchorage loss for insufficient anchorage length. Finally, comparison with an experimental
test on a circular column shows that the prediction with the new model is in good agreement with the test,
whereas the original fiber model with perfect bond overestimates the hysteretic energy dissipated during the
loading cycles.
INTRODUCTION

Bond plays a fundamental role in the response of reinforced
concrete (RC) members by allowing the stress transfer from
the steel bars to the surrounding concrete. Perfect bond is usu-
ally assumed in the analysis of RC structures. This implies full
compatibility between concrete and reinforcement strains. This
assumption is valid only in regions where negligible stress
transfer occurs between the two components (Kauser and
Mehlhorn 1987). This can only take place at early loading
stages and at low strain levels. As the load is increased, crack-
ing as well as breaking of bond unavoidably occurs, and a
certain amount of bond-slip takes place in the beam, all of
which will in turn affect the stress distributions in both steel
and concrete. Near the cracks, high bond-slips develop, caus-
ing relative displacements between concrete and the reinforce-
ment steel. Due to this bond-slip, different strains are observed
in the steel rebars and in the surrounding concrete.

Bond-slip affects the overall response of RC structural
members. In particular, two phenomena are worth discussing:

• An increase in stiffness in the regions between two ad-
jacent cracks. This effect, sometimes called tension-stiff-
ening, can be included by either considering the tensile
resistance of the concrete or by increasing the tensile stiff-
ness and strength of the steel rebars. Tension-stiffening
mostly affects the member response under serviceability
conditions, because the effect of bond is completely lost
when member failure occurs.

• An increase of flexibility at the member ends, due to the
pullout of the rebars at the interface either with beam-
column joints or with the footings. Similar drops in stiff-
ness may also be caused by insufficient lap splices.

These effects become particularly important and complex
under seismic loading conditions, when bond gradually dete-
riorates due to large strains and damage caused by the load
reversals.

After a few years of successful application of the fiber beam

1Assoc. Prof., Dip. di Ingegneria Strutturale e Geotecnica, Univer-
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element to the analysis of RC structures, the introduction of
the mechanics of bond-slip of the reinforcing bars appears to
be a necessary enhancement toward a realistic description of
the cyclic and ultimate behavior of RC structures. Rubiano-
Benavides (1998) proposed the use of rotational springs at the
element ends to account for the added flexibility due to bond-
slip. This approach is more suitable for lumped plasticity mod-
els and requires particular care in the selection of the rotational
spring’s mechanical properties. The framework of the pro-
posed model is that of the fiber model, where the rebar re-
sponse is modified to account for the effects of bond-slip.

The basic idea is to merge the formulation of the reinforcing
bar with bond-slip proposed by Monti et al. (1997a,b) into the
force-based fiber element proposed by Spacone et al. (1996a).
The framework of the fiber-section state determination is re-
tained, and a new approach is proposed to compute the rebar
stress and stiffness that includes the effects of slip.

In the new model, the steel fiber accounts not only for the
response of the rebar inside the beam, but also for its anchor-
age outside the element, in either a structural joint or a footing.
The steel fiber strain is given by the sum of the effects of the
rebar deformation and the anchorage slip. The response is still
computed in terms of fiber stress and stiffness, which are
needed for the fiber-section state determination.

An attractive feature of this formulation is the possibility of
tracing the response of each bar within a section, which is
particularly important when each rebar undergoes a different
load history. Therefore, the model is suitable for sections of
general shape, including circular ones, and for sections under
biaxial loading.

The theoretical framework of the new model is presented
first, followed by a series of parametric studies on the perfor-
mance of the new model. Finally, the results from an experi-
mental test are compared with the prediction obtained with the
proposed model.

FIBER BEAM ELEMENT AND BAR ELEMENT WITH
BOND-SLIP

The proposed finite element (FE) is based on two well-es-
tablished formulations that are numerically stable and robust
even in cases of element softening, when the moment capacity
of an RC column decreases, typically due to crushing of the
concrete fibers. The first formulation is that of a fiber beam
element for the seismic analysis of RC structures (Spacone et
al. 1996a), and the second represents the FE solution of the
problem of a steel bar embedded in concrete (Monti et al.
1997a,b). Both formulations are based on the force method of
structural analysis. The models account for material nonline-
arities in steel, concrete, and bond under monotonic and cyclic
loading.



FIG. 1. Fiber Beam Element with Five Gauss-Lobatto Integra-
tion Points

The fiber beam element is made up of a series of sections
along the element length, whose number and locations depend
on the integration scheme. Fig. 1 shows an RC element with
five integration points. The Gauss-Lobatto integration scheme
is used here, because the positions of the first and last inte-
gration points always coincide with the end sections. The sec-
tion response is obtained by integration of the stresses and
stiffness across the section. These integrals are numerically
evaluated by subdividing the section into small areas, or fibers.
The beam response is then obtained through weighted integra-
tion of the section responses. The nonlinear behavior of the
element derives entirely from the nonlinear constitutive re-
sponses of the concrete and steel fibers.

The fiber-section concept is general and can be used in both
displacement-based and force-based elements. The proposed
model uses the force approach presented in Spacone et al.
(1996a). The element is based on assuming force interpolation
functions along the element. The element accuracy stems from
the fact that the force interpolation functions derive from equi-
librium and are therefore ‘‘exact’’ for the beam case. The el-
ement implementation in a general purpose FE code requires
an element state determination that is more involved than for
a displacement-based element. In the original formulation by
Spacone et al. (1996a), element iterations are used to find the
section deformations that correspond to the nodal displace-
ments. More recently, Neuenhofer anbd Filippou (1997) have
shown that a single iteration is sufficient at the element level,
because structural equilibrium will eventually ensure conver-
gence at both element and section levels. At convergence, el-
ement equilibrium is satisfied pointwise along the element, and
element compatibility is satisfied in an integral sense.

One limitation of fiber-section models proposed to date is
the assumption of perfect bond between steel and concrete,
which leads to neglecting the relative slip between the steel
fibers and the surrounding concrete. It is important to note that
this assumption affects the section state determination only,
whereas the element framework, based on equilibrium be-
tween external and internal forces, remains valid.

The bar element with bond-slip can be regarded as a struc-
tural system consisting of two parallel components: (1) A re-
inforcing bar; and (2) the interface between the rebar and the
surrounding concrete. The global response of the rebar de-
pends on the interaction between the stress fields of both com-
ponents. The element proposed by Monti et al. (1997a) is
based on a force approach in which the interpolation functions
defining the stress field in the rebar satisfy equilibrium with
bond stresses over the bar surface. The element allows solving
the problem of a bar embedded in concrete. In particular, it
can be used to find the stress and stiffness of a bar under
prescribed displacements (pullout).

The major problem in implementing the bar model in a
beam element derives from the fact that the rebar response is
expressed in terms of stress-slip (s-u). To insert it into a fiber
section, it is necessary to express the rebar response in terms
of stress-strain (s-ε), because the fiber-section state determi-
nation is performed based on an assigned strain distribution.

RC FIBER BEAM ELEMENT WITH BOND-SLIP

The response of a beam element (mainly the element stiff-
ness matrix and the element forces) is typically computed as
a weighted sum of the responses of a discrete number of cross
sections. The cross sections are located at control points whose
locations depend on the numerical integration scheme. In
force-based RC elements, a Gauss-Lobatto integration scheme
often is preferred because its extreme integration points always
coincide with the element end sections, where significant in-
elastic deformations typically take place.

The fiber beam element state determination is carried out at
three levels—element, section, and fiber. At all three levels,
the problem is the same: determine the forces (or stresses) and
stiffness corresponding to prescribed deformations. In partic-
ular, the section state determination computes the section axial
force and bending moment corresponding to prescribed section
deformations, namely, the average axial strain and the sec-ε̄
tion curvature k. The discussion is limited here to the uniaxial
bending case, but extension to the biaxial case is straightfor-
ward. From the plane-section assumption, the strain at a fiber
located at a distance y from the reference axis is

¯ε = ε 1 ky (1)

When perfect bond is assumed between concrete and steel re-
bar, concrete and steel fibers located at the same depth y have
the same strain

¯ε = ε = ε = ε 1 ky (2)s c

This assumption is removed to include the effects of bond-
slip. The first step in this direction requires a more in-depth
look at the beam element formulation.

Because of the numerical integration used to solve the ele-
ment integrals, the beam element is modeled as a set of ad-
jacent slices that are connected in series (Fig. 1). The element
response is the weighted sum of the responses of each slice.
If one considers a beam element of length Lbeam, the length of
each slice is LIP = wIPLbeam. The slice length LIP is a function
of the integration scheme, the number of integration points and
thus the weight wIP pertaining to the integration point IP.

Each slice can be considered as a parallel system made of
two components, steel and concrete. From the assumption of
perfect bond, the slice and its components have the same elon-
gation and rotation wd̄

¯ ¯ ¯d = d = d ; w = w = w (3)c s c s

in which and wc, ws = slice elongations and rotations in¯ ¯d , dc s

the concrete and steel components, respectively. The slice is
basically a finite length of beam element LIP with constant
deformations. These are the axial strain and the curvature kε̄
of the integration point IP, therefore

¯ ¯d = εL ; w = kL (4)IP IP
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FIG. 2. Slice Response to Axial Deformation Only: Perfect
Bond versus Partial Bond

With this notation, the compatibility condition of (2) can be
expressed in terms of concrete and steel displacements. The
elongation of a fiber at distance y from the reference axis can
be written

¯u(y) = u = u = d 1 wy (5)c s

From (1) and (4) the strain distribution ε(y) across the moni-
tored section can be written

1 1 ¯ε(y) = u(y) = (d 1 wy) (6)
L LIP IP

Based on these definitions, it is now possible to enhance the
representation of the slice deformation by relaxing the as-
sumption of perfect bond between steel and concrete. This can
be done by assuming that the deformation of the steel com-
ponent is due partly to the bar elongation and partly to the slip
between the bar and the concrete. This is expressed in the
following form:

¯ ¯ ¯ ¯ ¯d = d = d = d 1 d ; w = w = w = w 1 w (7)c s1a s a c s1a s a

in which the slice axial deformation and the slice rotation wd̄
are expressed as a sum of two contributions, one due to the
rebar deformation (subscript s), the other to the anchorage slip
(subscript a).

From (7), the concrete strain is the same as in (6)

1 ¯ ¯ε(y ) = (d 1 w y ) = ε 1 ky (8)c c c c c
LIP

whereas the steel strain becomes

1 1¯ ¯ε = (d 1 w y ) 1 (d 1 w y ) (9)s1a s s s a a s
L LIP IP

in which the first term represents the strain of the steel bar in
the slice and the second is the contribution of the bond-slip.
Therefore

1
ε = ε 1 u = ε 1 ε (10)s1a s a s a

LIP

in which εa should be regarded as a strain-equivalent contri-
bution of the anchorage pullout, condensed at the fiber level
through the length LIP of the integration point. In other words,
the total steel fiber elongation is given by the sum of the rebar
656 / JOURNAL OF STRUCTURAL ENGINEERING / JUNE 2000
FIG. 3. Steel Bar State Determination Including Anchorage
Slip

deformation and anchorage pullout. Compatibility is main-
tained between the concrete strain and the total steel fiber elon-
gation (εc = εs1a), and concrete and steel strains are different
(εc ≠ εs). This procedure is illustrated in Fig. 2 for the case of
a slice with axial deformation only and no curvature.

It is important to point out that the proposed formulation
provides a solution to the bond-slip problem within a single
beam FE. The element can capture the base rotation in RC
columns due to bar slips and can also describe slip and bond
failure of the rebar splices. On the other hand, the bond-slip
effects of bars that connect two beam elements through a
beam-column joint cannot be captured by this formulation.
The development of a beam-column joint element (currently
missing) would be of significant help in modeling this type of
interaction.

Fiber-Section State Determination

The fiber-section state determination is identical to that pre-
sented in Spacone et al. (1996a). Given the section deforma-
tions and k, find the corresponding section forces and stiff-ε̄
ness. The fiber strains ε(y) = 1 ky are computed first. Basedε̄
on the new strain field, the fiber stresses and tangent moduli
are computed. They are then integrated over the cross section
to yield the section forces and stiffness. The main difference
introduced by the new approach concerns the fiber response.
Although the concrete strain is directly computed from (8), the
steel strain determination is more involved because (9) yields
the total steel response εs1a. A specific procedure has been
developed to compute the rebar deformation εs and average
anchorage slip εa corresponding to εs1a.

Steel Fiber State Determination

The steel fiber state determination computes the rebar stress
and stiffness corresponding to the total strain εs1a = εs 1 ua /
LIP. The slip ua is obtained by solving the FE problem of a
bar along an embedment length La. This embedment length
varies according to the position of the bar. For continuous bars
along the beam length, La = LIP. For spliced bars along the
beam length, La equals the splice length. For bars anchored
outside the beam element, La represents the slice length LIP

plus the anchorage length. This case is illustrated in Fig. 3,
which shows the state determination of the top steel rebar at
the beam’s first integration point. The embedded bar is mod-



FIG. 4. Bond-Slip Constitutive Law (Eligehausen et al. 1983)
with Parameters Based on Bar Diameter

eled by a series of n rebars embedded in concrete and under
continuous bond, following the approach proposed by Monti
et al. (1997a,b). The steel constitutive law is that of Menegotto
and Pinto (1973), and the bond-slip constitutive law is that
proposed by Eligehausen et al. (1983), shown in Fig. 4, where
q1 is the bond-slip strength and qf is the residual (frictional)
bond strength. The steel response and the anchorage slip law
are linearized as follows:

s k k ua aa an as = E ε ; = (11)s s s H J F G H J0 k k una nn n

where the anchorage degrees of freedom (DOF) have been
split into the anchorage displacement ua and the displacements
un of the other n nodes along the anchorage length (Fig. 3).
The 0 vector in the stress vector indicates that the bar is sub-
jected only to an end stress sa, whereas all other DOF have
no applied stress. The last node n at the anchorage tip is there-
fore unrestrained. The value of n depends on the number of
elements used to discretize the length La of the anchorage
zone. A study on the optimal number of elements can be found
in Monti et al. (1997a).

The length of the anchorage zone La is not necessarily equal
to the length of the integration point LIP. The value of La is
the length of the bar from the section under consideration to
its free end. Hence, La can represent either the anchorage
length outside the beam (either in the footing or in another
framing element) or the lap-splice length inside the element.
No assumption is necessary on the effective anchorage length
La,eff (i.e., the distance at which the relative slip drops to zero),
because this is automatically computed in the solution of the
embedded bar problem (Monti et al. 1997a). The same can be
said for the rigid body motion of the entire anchorage due to
complete slip-through, which occurs when La < La,eff. This phe-
nomenon is described in the embedded bar formulation.

The following deformation vector e is associated with each
fiber

1 Te = {L ε u u } (12)IP s a n
LIP

Using this notation the strain in the ‘‘steel fiber 1 anchorage’’
system (s 1 a) given by (10) is written

Tε = m e (13)s1a

in which m = {1 1 0]T. A steel fiber stress vector s is also
defined

U Ts = {s s s } (14)s a n

in which = stress unbalance vector at the nodes along theUs n

anchorage length. This unbalance is included because of the
nonlinearity of the problem. During the solution process, it is
likely to have ≠ 0. When the anchorage solution is reachedUs n

→ 0.Us n

Due to the series arrangement of steel and anchorage ex-
pressed by (10), the steel fiber and the anchorage have the
same applied stress

s = s = s (15)s1a s a

which allows rewriting the stress vector of (14) as
U Ts = ms 1 {0 0 s } (16)s1a n

The two local constitutive relationships (11) are grouped in
a single expression

E /L 0 0s IP

s = Ke = L 0 k k e (17)IP aa anF G
0 k kna nn

Steel Fiber Stiffness and Residual Strain Including
Bond-Slip

The stiffness matrix in (17) can be built using the virtual
force principle. The virtual force principle can then be written
in the following form:

Tds ε = ds e (18)s1a s1a

The virtual variation of the stress vector should be in equilib-
rium = 0) and is given byU(ds n

ds = mds (19)s1a

Upon substitution of (19) into (18) and after elimination of
the virtual variation dss1a from the standard argument of ar-
bitrariness, (18) is written

T T 21 Tε = m e = m K s = m Fs (20)s1a

in which (17) has been substituted. The flexibility matrix F is
given by

L /E 0 0IP s121F = K = 0 f f (21)aa anF GLIP 0 f fna nn

Upon substitution of (16) into (20), one obtains

0
T Tε = m Fms 1 m F 0 (22)s1a s1a H J

Us n

and (22) is inverted to yield
Us = E (ε 2 ε ) (23)s1a s1a s1a n

in which Es1a = stiffness of the steel plus bond fiber
21

1T 21 21E = [m Fm] = E 1 f (24)s1a s aaS DLIP

and the strain

0 1U T Uε = m F 0 = f s (25)n an nH J LU IPs n

represents the residual strain due to the unbalanced forces
along the anchorage length. As the solution approaches con-
vergence, → 0.Uε n

Eq. (23) expresses the global constitutive law of the steel
fiber including the effect of bond-slip. The constitutive law
contains the residual deformations at the nodes in which the
anchorage is discretized. These residuals are explicitly in-
cluded because they are not recovered when performing the
anchorage state determination, but they are recovered during
the external iterations on the steel-bond fiber (Neuenhofer and
Filippou 1997). When global convergence is reached, these
residuals converge to zero.
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To define convergence for each steel-bond fiber, a residual
deformation vector associated with the corresponding stress
unbalance can be defined

1U U U U Te = {L ε u u } (26)IP s a n
LIP

whose components yield, through (13), the residual strain of
the steel-bond fiber

Uu aU T U Uε = m e = ε 1 (27)s1a s
LIP

Note that the residual strains along the anchorage are notUu n

included in this definition, because they are already included
in the constitutive law.

The above procedure is used to compute the steel stress and
stiffness corresponding to an applied strain history. The pro-
cedure has been implemented in a fiber-section model. Due to
the nonlinear character of both the steel constitutive law and
the anchorage behavior, an iterative procedure is needed. The
force-based iteration scheme described in Spacone et al.
(1996a) has been followed. The steps required for the imple-
mentation of the steel model in the fiber section are summa-
rized in Appendix III.

REINFORCING BAR STRESS-STRAIN RESPONSE
INCLUDING BOND-SLIP

In this section the stress-strain response of a conventional
steel rebar is compared with that of a rebar that includes the
effect of bond-slip along its anchorage length. The responses
are compared in terms of the stress-strain relationship. It
should again be remarked that, for bars under bond-slip con-
ditions, the stress-strain representation is an abstraction, used
only to facilitate the implementation of the proposed formu-
lation in the fiber-section framework. Therefore, the purpose
of the comparison is purely speculative, although it clearly
illustrates how bond-slip affects the bar response.

In the following, two numerical tests are presented: (1) A
monotonic pullout test on a bar anchored on La = 20 diameters;
and (2) a cyclic pull-push test on a bar anchored on La = 40
diameters. In the monotonic test, three degrees of bond are
considered: (1) Full bond, which denotes a conventional steel
fiber with no bond-slip; (2) normal bond; and (3) weak bond.

For the normal bond case, the bond law parameters are eval-
uated through the equations included in Fig. 4, whereas for
the weak bond case the bond parameters defining the bond
strength (i.e., q) have been reduced by 50%. These two latter
tests represent two possible situations that can occur in prac-
tical cases. In the normal bond case the steel bar yields before
bond reaches the plateau (represented by the bond stress q1 in
Fig. 4), whereas weak bond refers to a case where bond breaks
and softens before the steel bar reaches its yield strength. The
normal bond case represents a bar with sufficient anchorage
length to carry the applied end force, and the weak bond case
represents a bar with insufficient anchorage.

From the monotonic responses shown in Fig. 5, a significant
difference in the initial behavior of the bar can be observed.
The initial stiffness in both the normal and weak bond cases
is smaller than for the full bond case. This has notable con-
sequences on those analyses aimed at predicting the initial
stiffness of sections, members, and structures. When the effect
of bond deformation is included (even if bond is strong as in
the normal bond case), a certain stiffness reduction should be
expected, which adds to that due to the initial cracking. This
effect has been observed in numerical simulation of experi-
mental tests where perfect bond is assumed (Spacone et al.
1996b). In this case, while the strength of the element/structure
is, in general, predicted quite accurately, the initial stiffness is
overestimated.
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FIG. 6. Cyclic Stress-Strain Response of Reinforcing Bar with
No Bond Slip and with Weak Bond

FIG. 5. Monotonic Stress-Strain Response of Reinforcing Bar
Fiber with Different Degrees of Bond

As for the anchored bar strength, the postyield phase of the
normal bond case is practically identical to the full bond case.
This is reasonable because, after the bar yields, the major con-
tribution to the overall deformation is essentially localized at
the bar pulled end. On the other hand, remarkable differences
are noted on the entire response of the weak bond case. Here,
the bond failure drastically changes the stress-strain behavior
of the bar. While the bar remains elastic (and therefore prac-
tically rigid if compared to the slip deformations), the applied
force is only equilibrated by the bond stresses along the bar
surface. When bond progressively breaks along the anchorage
length, the slippage penetrates the anchorage until it reaches
the bar end. At this stage (corresponding to a 0.006 strain in
Fig. 5), the bar starts slipping as a rigid body and the residual
strength is that resisted only by friction along the bar surface.

For the cyclic loading study shown in Fig. 6, only the weak
bond case is depicted for comparison with the full bond case.
Similarly to the monotonic example, the normal bond case
differs from the full bond case for the initial and unloading
stiffness only. In the weak bond case, although the anchorage
length is greater than for the monotonic case, the difference
in the initial stiffness is still observed. This difference is also
shown in the unloading branches after yielding of the rebar.
The smaller stiffness of the bar with weak bond gives rise to
smaller cycles and therefore to a lower dissipation capacity.
The behavior changes abruptly when the anchored bar reaches
the third cycle. The cyclic degradation of bond cumulated so
far along the bar surface is such that the bar starts slipping as
a whole. This transition is identified by a clear failure point
followed by anchorage slip, which cannot be traced with a
conventional model based on the full bond assumption.



COMPARISON WITH EXPERIMENTAL RESULTS

In this section a comparison with an experimental test by
Saadatmanesh et al. (1996) is performed. The test was con-
ducted on a scaled-down circular RC bridge column, designed
according to obsolete seismic codes, with insufficient devel-
opment lengths for the rebars anchored in the footing. Ready-
mixed concrete with = 36.5 MPa and steel with measuredf9c
yield strength of 358 MPa were used. The height of the col-
umn was 2,000 mm, the diameter was 305 mm, and the lon-
gitudinal reinforcement was 14 bars of 13-mm diameter, re-
sulting in a reinforcement ratio of 2.48%. Transverse
confinement was provided by steel wire hoops of 3.5-mm di-
ameter, spaced at 89 mm throughout the entire height of the
column. The average yield stress for these wires was 301 MPa.
In the specimen (denoted as C-1) the longitudinal reinforce-
ment of the column was extended into the footing using starter
bars that were lapped with the main longitudinal reinforcement
of the column over a length of 20-bar diameters (254 mm). In
the test an axial load of 445 kN was first applied to the col-
umn, followed by cyclic lateral displacements applied at the
top of the column in both positive and negative directions
according to the scheme: 1uy, 1.5uy, 2uy, and 3uy, where uy is
the yield displacement. At each displacement level, two cycles
were performed. Fig. 7(a) shows the hysteresis loops for the
experimental response of the circular column C-1 with lap
splice (Saadatmanesh et al. 1996). The weak bond response
already observed in the previous section characterizes the test.
After the first cycle to u = 1.5uy, there is a rapid degradation
of the response due to progressive failure of the lapped rein-
forcement due to slip. In addition, it is noted that the cycles
show significant pinching, with extremely reduced dissipation
capacity. Fig. 7(b) presents two numerical simulations of the
experimental test. The first was performed with the fiber-ele-
ment model with perfect bond presented in Spacone et al.
(1996a), the second uses the model proposed in this paper that
includes bond-slip of the rebars. In both cases, for the FE
model of the column, a single FE was used. This is one of the
advantages of the force-based element with respect to a dis-
placement-based element. The element precision leads to a sig-
nificant saving in the number of elements. As for the step
increment used in the numerical simulations, equal displace-
ment increments of 1 mm were imposed at the column top.
The overall test was simulated in a few minutes. The element
precision leads to the use of very few structural DOF, which
allows even large frames to be solved in a reasonable amount
of time.

The differences in the prediction with the FE with no bond-
slip are remarkable, the most evident regarding the dissipation
capacity, which is of paramount importance in seismic analy-
ses. When no bond-slip is considered, fuller cycles are pre-
dicted, which are far from being similar to those obtained in
the test. On the other hand, the prediction obtained with the
new model is similar to the experimental result. Another re-
markable difference regards the prediction of the peak load
cyclic degradation. The response obtained with the new model
shows a decay that is very similar to the experimental case,
thanks to its capacity of tracing the bond-damage penetration
into the anchorage. As a matter of fact, a more sophisticated
cyclic degradation rule in the bond-slip constitutive law would
lead to further enhancements in the prediction capabilities of
the proposed model, including a better estimate of the peak
load and its degradation during the loading cycles. Finally, it
is important to point out the complexity of the simulation in
which the reinforcing bars all have different responses, be-
cause the steel is distributed along the perimeter of the circular
RC section and all the rebars have different strains.
FIG. 7. Comparison between: (a) Experimental Test from Saa-
datmanesh et al. (1996); (b) Numerical Simulation with and with-
out Bond-Slip

SUMMARY AND CONCLUSIONS

A fiber beam element that includes bond-slip of the rein-
forcing bars has been presented. The formulation is derived
from the force-based fiber beam element proposed by Spacone
et al. (1996a), with the insertion of bar element with contin-
uous bond developed by Monti et al. (1997a,b).

The response of the beam element is obtained through the
weighted integration of the responses of the monitored sec-
tions along the element. The fiber-section response is com-
puted by adding the contributions of all the concrete and steel
fibers in which the section is subdivided. In the proposed beam
element, the steel fiber state determination is modified to ac-
count for the bond-slip of the rebars. In the original model,
the steel stress and stiffness are calculated directly from the
steel constitutive law, based on the strain pertaining to the
fiber. In the new model, the stress and stiffness of each steel
fiber are obtained as the response of a bar that crosses the
section under consideration and is anchored in the concrete.
The end-slip can also be computed to give an estimate of the
crack width. The implementation is simple and requires minor
modifications to the structure of the original fiber beam ele-
ment, provided a modular organization of the element routines
is followed.

Because the new formulation affects the fiber-section model
only and does not affect the overall element state determina-
tion, the proposed fiber-section model with bond-slip in the
steel rebars can be implemented in any displacement-based or
force-based element that uses a fiber-section discretization. In
the present form the model is implemented in a force-based
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element that is linked to the general purposed FE program
FEAP (Taylor 1998).

Because each steel rebar in the cross section is monitored
separately, the proposed model applies to cross sections of any
shape. For the same reason, the model can be applied to both
uniaxial and biaxial bending problems.

The new bar model has been used to show how the response
of a reinforced bar embedded in concrete changes with differ-
ent degrees of bond. Both monotonic and cyclic conditions
have been considered. It was shown that the initial elastic stiff-
ness of the steel rebar is reduced when the effect of bond is
explicitly included. Although this consideration is not new, the
proposed model computes the bar stiffness, including bond-
slip, without the need of assuming an ‘‘effective anchorage
length.’’ This concept has no meaning if one thinks that the
anchorage length of an embedded bar is not a fixed parameter
but changes depending on the state of bond and the yield pen-
etration along the bar. The possibility of predicting the initial
stiffness has important implications in computing the initial
stiffness and fundamental period of vibration of an RC frame.
The model also allows, under large strains or repeated cyclic
loads, to model bond deterioration and eventually the anchor-
age pullout.

Finally, a comparison between experimental data and nu-
merical simulations has been presented. This study has shown
that the results obtained with the proposed model correlate
sufficiently well with the experimental data, particularly in the
overall response shape, whereas the original fiber model with
perfect bond largely overestimates the hysteretic energy dis-
sipated during the loading cycles. Improvements to the cyclic
degradation rules for the bond-slip law used in the study would
further enhance the correlation with the experimental tests, es-
pecially in the prediction of the peak applied load.

The proposed model can be applied to the study of RC
frames. For new structures it will provide a more realistic pre-
diction of the initial stiffness than that obtained from the fiber
model with perfect bond. For older structures with insufficient
anchorage lengths or lap splices it can realistically account for
bond degradation and pullout failure under both static and dy-
namic loading conditions.

APPENDIX I. SUMMARY OF STEEL FIBER STATE
DETERMINATION

The following steps summarize the procedure followed to
implement the steel fiber with bond-slip in a fiber-section
model:

1. Compute the strain increment Dεs1a of the ith fiber

¯Dε = Dε 1 Dky (28)s1a

2. Determine the linearized stress increment and update
the stress vector (in the first step Uε = 0)n

UDs = E (Dε 2 ε ) (29)s1a s1a s1a n

s = s 1 Ds (30)s1a s1a s1a

3. Compute the new stress increment vector

Ds = mDs (31)s1a

4. Find the strain increment vector De and update the total
deformations

TDe = {Dε Du Du } = FDs (32)s a n

e = e 1 De (33)

5. Perform the state determination for the steel and the
anchorage
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6. Assemble the resisting stress vector and the local stiff-
ness matrix. Compute the new global system stiffness
Es1a

Rs E /L 0 0s s IP
R Rs = s ; K = L 0 k k (35)a IP aa anH J F G

Rs 0 k kn na nn

21
121E = E 1 f (36)s1a s aaS DLIP

7. Compute the stress unbalances

U Rs = s 2 s (37)

8. Compute the residual strain vector

U 21 Ue = K s (38)

9. Compute the strain residual in the steel 1 anchorage
system and at the anchorage nodes

U T Uε = m e (39)s1a

1U Uε = f s (40)n an n
LIP

10. If the residual is smaller than a specified tolerance, then
convergence has been reached, otherwise let Dεs1a =

and go to Step 2.U2ε ,s1a
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APPENDIX III. NOTATION

The following symbols are used in this paper:

d̄ = slice elongation;
¯ ¯d , ds c = elongation of steel and concrete slices, respec-

tively;
d̄s1a = slice elongation for steel fiber 1 anchorage

system;
Es = steel fiber modulus;

Es1a = stiffness of steel fiber 1 anchorage system;
e = bar deformation vector;

eU = residual deformation vector;
F = bar flexibility matrix;

faa, fan, fna, fnn = terms in bar flexibility matrix;
K = bar stiffness matrix;

kaa, kan, kna, knn = terms in bar stiffness matrix;
La = bar anchorage length;

La,eff = effective anchorage length;
LIP, Lbeam = integration point length and beam length, re-

spectively;
m = transformation vector between e and εa1s;
s = bar stress vector;

sR = bar resisting stress vector;
Rs n = resisting stresses at n nodes along anchorage

length;
Us n = stress unbalances at n nodes along anchorage
length;

u = fiber elongation;
ua = anchorage slip;

uc, us = elongation of steel and concrete fibers, respec-
tively;

un = displacements at n nodes along anchorage
length;

uy = yield displacement;
wIP = integration point weight;

y = fiber distance from reference axis;
ε̄ = strain at reference axis;
ε = fiber strain;

εa = strain equivalent anchorage slip;
εs, εc = steel and concrete fiber strains, respectively;

εs1a = strain for steel fiber 1 anchorage system;
Uε n = residual strain in steel-bond fiber;
k = cross-section curvature;

sa = stress at anchorage end;
ss, sc = stresses in steel and concrete fibers, respec-

tively;
R Rs , ss c = resisting stresses in steel and concrete fibers,

respectively;
ss1a = stress for steel fiber 1 anchorage system;

f = steel bar diameter;
w = slice rotation;

ws, wc = slice rotation for steel and concrete fibers, re-
spectively; and

ws1a = slice rotation for steel fiber 1 anchorage sys-
tem.
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