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ABSTRACT: The hysteretic behavior of reinforced concrete elements depends in large measure on the inter-
action between reinforcing steel and concrete through bond. This paper presents a new finite element for rein-
forcing bars anchored in concrete. The novel aspect of the element is the use of force instead of displacement
interpolation functions. The force interpolation functions satisfy equilibrium in a strict sense and ensure the
numerical stability of the results, even in the presence of significant strength loss and softening, as might be the
case for reinforcing bars with insufficient anchorage length. Another novel aspect of the element formulation is
its implementation in a general purpose finite element analysis program that is based on the stiffness method of
analysis. Correlation studies with available experimental data demonstrate the ability of the proposed model to
simulate the bond deterioration and eventual pull-out of anchored reinforcing bars under severe inelastic excur-

sions.

INTRODUCTION

Most analytical studies of the hysteretic behavior of rein-
forced concrete (RC) members to date have been based on the
simplifying assumption of perfect bond between steel and con-
crete. In reality, an anchored reinforcing bar that is subjected
to a tensile force at one end transfers this force to the sur-
rounding concrete by the interaction of two mechanisms acting
in parallel: the uniaxial stress and associated strain in the re-
inforcing bar and the slip of the bar relative to the surrounding
concrete, which produces a bond-stress field over the bar sur-
face.

Experimental studies on RC subassemblies of ductile mo-
ment-resisting frames [e.g., Bertero and Popov (1977)] have
shown that the simplifying assumption of perfect bond be-
tween steel and concrete approximates the actual behavior only
before yielding of the reinforcing steel. Once yielding takes
place, bond damage sets in along the bar portion that has
yielded resulting in relative slip between the reinforcing bar
and surrounding concrete. This slip manifests itself as pull-out
of anchored reinforcing bars from interior and exterior beam-
column joints and footings. The interstory drift of moment
resisting frames can increase by as much as 50% as the result
of deformations due to pull-out, as past experimental studies
have shown. It is, therefore, important to include this effect in
the nonlinear analysis of RC frames under earthquake excita-
tions. The proposed finite element model offers a computa-
tionally efficient means of achieving this goal, even under con-
ditions of severe cyclic bond deterioration, which might arise
in frames subjected to intense ground shaking.

In recent years, the finite element method has gained ac-
ceptance in practice as a powerful and reliable tool for the
evaluation of existing structures and the design of complex
new structures. This has led to increased attention to the mod-
eling of bond among researchers. Even though accurate con-
stitutive relations for bond have been established experimen-
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tally under general cyclic excitations (Eligehausen et al. 1983),
no robust analytical model exists that can be incorporated in
a general purpose finite element program and that is capable
of describing the complex hysteretic behavior of anchored re-
inforcing bars under cyclic excitations, in particular, the
strength loss under bond deterioration. A brief summary of
past analytical efforts is presented next.

The first model for bond-slip of reinforcing bars was pro-
posed by Ngo and Scordelis (1967), who developed a linear
elastic finite element model of a simply supported beam that
consisted of constant strain triangular elements for concrete
and steel. In that study, concentrated (lumped) bond link ele-
ments were introduced at the nodes that connect concrete and
steel elements. The bond link element has no physical dimen-
sions and can be represented by two orthogonal springs. The
same approach was followed by Nilson (1972), who intro-
duced nonlinear constitutive relations for steel and concrete
and a nonlinear bond-slip relation. A bond-zone element of
finite thickness with distributed bond action was developed by
deGroot et al. (1981). Keuser and Mehlhorn (1987) showed
that concentrated bond link elements correctly represent only
uniform slip distributions and introduced a contact element
that provides a continuous interaction between steel and con-
crete. In these studies, the behavior of concrete was modified
in the vicinity of the contact surface between reinforcing steel
and concrete to account for the properties of the bond zone.
None of these studies, however, directly addressed the analysis
of an anchored reinforcing bar under cyclic excitations.

A different approach was followed by Filippou et al. (1983),
who used the weighted residual method to solve the differ-
ential equations of equilibrium and compatibility of an an-
chored reinforcing bar. This method gave rise to a mixed finite
element with independent approximations of the displacement
and stress field in the bar. The formulation was not carried
through to permit implementation in a general purpose finite
element program.

Yankelevsky (1985) proposed a finite element with displace-
ment interpolation functions. The study is, however, limited to
linear elastic reinforcing bars under monotonic puil-out con-
ditions with rather small maximum pull-out values of 0.3 mm.
This limit does not permit an assessment of the performance
of this type of element in the presence of strength loss due to
bond deterioration under cyclic excitations.

In summary, the solutions proposed so far are hampered by
the following limitations: (1) bond is typically lumped at the
nodes of the finite element model, where concentrated springs
with appropriate constitutive relationships connect the rein-
forcing bar with the surrounding concrete; (2) the models are



limited to linear elastic behavior in either steel or bond, rarely
include the nonlinear behavior of both, and are not capable of
simulating cyclic behavior and bond deterioration; (3) most
existing models are based on the displacement method of anal-
ysis and, thus, start from the assumption of a displacement
interpolation function for relative slip. The presence of very
steep slip gradients in the yielding portion of reinforcing bars
requires a large number of elements for good accuracy. Even
so, displacement-based models are plagued by numerical prob-
lems in the presence of strength loss (Viwathanatepa et al.
1979); and (4) models proposed to date lack a clear and con-
sistent formulation for implementation in a general purpose
finite element program.

Recent studies (Filippou 1986; Zulfigar and Filippou 1990)
have shown that, on account of the smooth character of stress
distributions, it is numerically advantageous to approximate
the bond or steel stress distribution rather than the relative slip
along the anchored reinforcing bar.

The desire to base the element formulation on the approx-
imation of the steel or bond stress distribution along the an-
chored reinforcing bar leads to a force (flexibility)-based ele-
ment formulation. Such an approach has not received much
attention in nonlinear analysis to date because of the difficulty
in implementing a flexibility based nonlinear element in a gen-
eral purpose finite element program that centers on the dis-
placement (stiffness) method. Ciampi and Carlesimo (1986)
were the first to propose a consistent implementation of a flex-
ibility based element in a program based on the stiffness
method. This method was refined and extended in recent stud-
tes (Spacone et al. 1992, 1996) within the general purpose
finite element analysis program (FEAP) (Zienkiewicz and Tay-
lor 1989, 1991). The proposed anchored bar element makes
use of the same iterative scheme for the element state deter-
mination phase of the nonlinear solution algorithm.

FINITE ELEMENT FORMULATION—STRONG FORM
OF PROBLEM

The boundary value problem of a reinforcing bar anchored
in concrete (Fig. 1) involves four unknown fields: the stress o
= o(x) in the reinforcing bar, the bond stress g = g(x) at the
interface between the bar and concrete, the strain € = €(x) in
the reinforcing bar, and the slip 4 = u(x) of the reinforcing bar
relative to the surrounding concrete. The relative slip u = u(x)
is the difference between steel and concrete displacements at
location x. In the present study the concrete deformations are
neglected, so that e.(x) = 0, since in the postyield range of
reinforcing steel and, in particular, under cyclic excitations
these have little effect on the hysteretic behavior of anchored
reinforcing bars. Consequently, u(x) is simply the displacement
field of the steel bar. All unknown fields are defined in the
one-dimensional {x} domain £ of the embedded length L of
the bar. The four fields are related by the governing equations
of the stress transfer problem. These relations are schemati-
cally illustrated in Fig. 2

di
d—“ =pg in Q=(0L) (equilibrium) (0
X
du . I
i €e—€ =¢ in Q=(0,L) (compatibility) ?2)
o = o(g) (steel constitutive relation) 3)
q = q(u) (bond constitutive relation) “)

where d = reinforcing bar diameter; and p = (nd)/(wd*/4) =
4/d = ratio of bar circumference to bar area per unit of length.

To deal with the nonlinear character of the governing equa-
tions, a linearization is performed. The four fields are ex-
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FIG. 1. Infinitesimal Segment of Anchored Reinforcing Bar
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FIG. 2. Relation among Four Fields of Bond Problem

pressed in incremental form (Ag, Ag, Au, Ag) and the strong
form of the problem is written in incremental terms

d d
i Ac(x) = pAg(x); I Aulx) = Ae(x) 5,6)

Ac(x) = E (x)  Ae(x); Agq(x) = E (x)- Au(x) 7,8)

where E, = tangent stiffness of steel stress-strain relation; E,
= tangent stiffness of bond stress-slip relation; and A denotes
variation of corresponding field. The boundary conditions of
the problem are either the essential boundary conditions

Au=Au, on I',={0}); Au=Ay, on T,={L} (9ab)
or the natural boundary conditions

Ao=Ac, on I',={0}; Aoc=Ac, on [, ={L} (10ab)

FINITE ELEMENT APPROXIMATION

In passing from the governing differential equations [(5)—
(8)] to the finite element approximation the following steps are
undertaken (Reddy 1993): (1) the domain () is subdivided into
a set of finite elements £}° = (x;, x;) where I and J denote the
element boundaries; (2) the weak form of the problem is con-
structed within a single element; (3) one or more unknown
fields are approximated by a polynomial within the element;
and (4) the governing equations of the finite element approx-
imation result from the substitution of the field approximations
into the weak form of step 2.

The integration of the weak form is performed numerically
for the master element {} in the local coordinate system {£}
defined by ) = {—1 < & < 1} = (—1, 1). The bar master
element is illustrated in Fig. 3. The element end forces, end
displacements, and bond forces are shown in the positive di-
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FIG. 3. Bar Element with End Forces, Displacements, and
Bond Stresses

rection. For the sake of compact notation these are grouped in
the following vectors:

S = {5 S,)7 element end forces (1)
u = {w; u;}” element end displacements (12)
q = {q: q;}7 element bond forces 13)

The local coordinate systems {x} and {£} are shown in Fig.
3. The transformation between these two systems is such that

=7 dx _ a _
dx=J,-d§ or dg_J‘ or dx_J' (14)

where J, = Jacobian of transformation, which for straight el-

ements is

J. = 1s)

(SE e

The polynomial approximation of generic field » is defined in
the {&} coordinate system by

An(g) ~ N(£)-An (16)

where An = vector of node value increments of field n(£); and
N(§) = row vector of element interpolation functions. The se-
lection of the field to be approximated by element interpolation

functions N(§) determines the form of the finite element equa-

tions in step 2 and the type of method. The approximation of
the displacement field gives rise to the classical stiffness
method, whereas the approximation of the stress field leads to
the flexibility method. The limitations associated with the stiff-
ness method were discussed in the introduction. In the follow-
ing section, a finite element approximation based on the flex-
ibility approach is presented. Particular attention is paid to
establishing criteria for the selection of force interpolation
functions for the proposed model.

FLEXIBILITY FORMULATION

Studies by Filippou (1986) and Zulfigar and Filippou (1990)
have shown that the approximation of the bond stress distri-
bution in an anchored reinforcing bar leads to a simpler, more
stable and economical solution of the problem than the ap-
proximation of the relative slip distribution. These studies
failed, however, to develop a consistent theoretical basis for
the implementation of this approach in a finite element anal-
ysis program. This is the objective of the present study.

In the flexibility method the governing differential equations
are recast in terms of the stress field Ao(x) as the only un-
known field. To this end, the constitutive relations for steel
and bond, (7) and (8), respectively, are written in terms of the
force fields, i.e.

Ae(x) = E;'(x)- Ao(x) = F,(x)  Aa(x) an
Aux) = E; (x) Agq(x) = F (%) Ag(x) (18)
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where F, = steel flexibility; and F, = bond flexibility. Substi-
tuting (17) and (18) into (6) and making use of (5) results in
the following differential equation:

d

v —

d .
o (F,f; Ac) =F,-Ac in Q=(@,L) (19)

where d = bar diameter; and vy = p~' = d/4. This governing
equation is supplemented by the boundary conditions (9) or
(10).

The weak form is obtained with the following process:

1. Each term in (19) is transferred to the left side of the
equation, which is then premultiplied by an arbitrary

weight function w(x) and integrated over the element do-
main Q°

f w(x)-I:-y-i (Fq~iA0'> - FG'AO'j' dx=0 (20)
e dx dx

2. Differentiation is traded from Ac to w using integration
by parts

d
(w-Fq-'y-E Aa)

- f w-F -Ao-dx=0
-

dw d
. ¥ L dx-Fq-d—on"dx

21

where the first term represents the essential boundary
conditions
d
(w-Fq'-y'—- Ao-) =W F;r Aq)lrs = (w- Au)

ry

o re (22)

After setting
wx) - Au(x) = wi- Buy; wix) - BQu(xy) = w,-Au;,  (23a,b)

the variational statement assumes the following incre-

mental form:
dw d
”'J:,.TE'F"'E} Ac-dx + L'W~F,,~Aa-dx
+ W,'Au, - W_/'Auj= 0 (24)

where (24) represents the weak form of the problem.

APPROXIMATION OF STRESS FIELD

The proposed reinforcing bar model can be viewed as a
simple system made up of two components in parallel: the
reinforcing bar and the interface between the reinforcing bar
and surrounding concrete. Since the model formulation is
based on the flexibility method, the selection of stress inter-
polation functions is guided by the requirement that these sat-
isfy equilibrium within the element in a strict sense. For the
system at hand, this implies that the selected stress interpola-
tion functions should satisfy (5) pointwise where the bond
force is the derivative of the force in the reinforcing steel. A
clear relation thus exists between the interpolation functions
of the corresponding force fields, and only one can be selected
independently. Using the bond force field for the purpose, the
approximation is written in the form

Aq(§) =~ B,(§)-Aq (25)

where B,(§) = row vector of bond interpolation functions.
With the inclusion of internal element nodes, a higher order
polynomial approximation of the bond distribution is possible.
In this case, the degree of the selected interpolation polynomial
is n — 1 for an element with n nodes, and vectors B,(§) and



Aq have dimensions (1 X n) and (n X 1), respectively. Sub-
stitution of (25) in (§) yields

d

pT: Ao(§) ~ J.p-B,(§) Aq (26)
Eqg. (26) expresses the dependence of the steel stress field ap-
proximation on the selected bond interpolation functions B, (§)
and the bond stress increments Aq at the nodes. The integra-
tion of (26) yields

3
Ao(£) ~ P'f B,()J. d{-Aq + ¢ 27N

-1

The integration constant ¢ is determined from the boundary
conditions
-1
Acle., = —AS; = p-J- B, (£)J.dE-Aq + ¢ (28a)
-1
1
Acl., = AS, = p-f B,(§)J. dE-Aq + ¢ (28b)

-1
With the introduction of the notation
1=[1 1] (29)

Eq. (28) can be combined into a single equation by subtracting
(28a) from (28b)

AS, + AS,=1-AS = J,p f B,(£) d£-Aq (30)

-1

which is the statement of element equilibrium. Given the steel
stress increment at one end of the element AS, and the bond
stress increments at the nodes Aq, (30) yields a unique steel
stress increment at the other end of the element AS) to satisfy
element equilibrium.

While it is possible to use (28a) or (28b) to solve for the
integration constant c, such a method would result in undesir-
able loss of symmetry of the solution relative to the stresses
AS; and AS, at the element ends. To maintain symmetry, the
integration constant ¢ is set equal to the average of the ex-
pressions in (28) according to
1

c= % (—AS, + AS, — Jp f B,(£) d&-Aq) €2V

-1
Substituting ¢ from (31) in (27) yields the stress field approx-
imation in terms of the steel stress and bond stress values at
the element nodes

Aa(§) =~ J.pN,(£):- Aq + Ns-AS (32)
where
3 1 1
N.(® =j B,(0) d{ — 'z'f B, () dg (33)
-1 -1
and
1 1
Ny = [—5 E] (34)

The expression N;s* AS in (32) represents the average value of
the steel stress increments at the element ends.

The evaluation of (32) at the two element ends yields the
following matrix relation:

AS =1J,p [_NNH’:I.Aq + I:_NNS:I -AS = J,p [“Nqu:l.Aq
qJ s qt

+ m”-N;-AS (35)

where N, = N Je._, and N,; = N,|e., = values of row vector
of interpolation functions at nodes / and J, respectively, and

m={-1 1] 36)

The formulation of the anchored reinforcing bar element is
based on the stress field approximations Ag(£) in (25) and
Ac(€) in (32). These stress field approximations satisfy the
equilibrium conditions along the element in a strict sense. In
the implementation of the element in a finite element analysis
program, compatibility is also maintained by keeping the dis-
placement increments at the nodes fixed during the element
state determination phase of the algorithm. Since the bond
force and stiffness only depend on the node displacements Au,
these also remain constant during the element state determi-
nation. Thus, the iterative algorithm only adjusts the steel
strain field Ae(£) in the element until it agrees with the im-
posed node displacements. The proposed element state deter-
mination procedure is discussed in detail in the following sec-
tion.

ELEMENT STATE DETERMINATION

The state determination is a fundamental step in the imple-
mentation of a nonlinear element in a finite element analysis
program. Finite element programs are, for the most part, based
on the direct stiffness method in which case load increments
are applied in each step of the analysis and the corresponding
displacement increments at the nodes of the structure are de-
termined with the current structure stiffness matrix. The ele-
ment state determination involves the operations for the de-
termination of the stiffness matrix and resisting forces of the
elements for the current nodal displacements. In a stiffness-
based element, these operations are rather straightforward be-
cause the stiffness matrix and resisting forces of the element
are the weighted integrals of the corresponding section quan-
tities with the displacement shape functions serving as
weights. In a flexibility-based element, the state determination
requires particular attention because there is no direct way of
determining the element resisting forces from the section
forces and the available force interpolation functions.

The element state determination starts from the current dis-
placements u at the nodes of the structure. The corresponding
element end displacements are extracted from the structure dis-
placement vector by compatibility considerations. In the pro-
posed anchored reinforcing bar element, it is possible to im-
mediately calculate the bond stress and corresponding stiffness
at the element nodes from the end displacements u and the
bond constitutive relation

q=q); E,=E,w (37, 38)

This completes the state determination of the bond com-
ponent of the proposed element. The reinforcing bar is treated
as a truss element with imposed node displacements u and a
distributed bond force q along its axis. The reinforcing bar
state determination follows the algorithm of Spacone et al.
(1996) for flexibility-based elements. In the interest of brevity,
the theoretical background of the state determination algorithm
is not discussed here, but details can be found in Monti et al.
(1993). Suffice it to recall that the iterations are based on suc-
cessive corrections of the element deformations, until these
satisfy compatibility with the imposed element end displace-
ments. Of particular interest is the determination of the ele-
ment stiffness matrix and the residual end displacements,
which are discussed in the following sections.

DETERMINATION OF ELEMENT STIFFNESS MATRIX

The determination of the element stiffness matrix depends
on the selection of the weight function in (24). The choice of
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a Bubnov-Galerkin approximation for the weight function
yields

w(§) =~ Jop-Ny(§)'v + Ns-w (39

where v and w can be interpreted as virtual variations of the
corresponding nodal quantities and the weight function can be
regarded as a virtual variation of the stress field along the bar.
It is important to note that v and w must be such that w(§)
represents a virtual variation of the stress field in equilibrium.
On account of the arbitrary nature of the virtual stress field
and in the interest of simplifying the element state determi-
nation it is assumed that v = 0, so that

w(€) ~ Ns'w (40)

This selection results in a uniform weight function along the
reinforcing bar.

The approximate form of the stress field Ao(£) in (32) and
the weight function w(£) in (40) are substituted in the weak
form of (24). Noting that dw(&)/dx = 0, the first term vanishes
and, after elimination of w” with the standard argument of the
arbitrary nature of the weight function, the following relation
results:

1 1
[/,p f NIF,N,J, dg] Aq + [ f NIF,N;-J, dg] AS
-1 -1

— NXAu, — Au) =0 41

With the linearization of the strong form of the problem,
the bond stress increments at the nodes are expressed in terms
of the corresponding displacement increments

Agq =E,-Au 42)
where E, = bond stiffness matrix
_|Ea O
Eq = |: 0 qu] (43)
With the use of vector m from (36)
Au, - Au’ =m-Au (44)

Eq. (41) becomes

1
[ f NIF,Ns-J. dg] AS
-1

1
={NI-m — J, J’ iF.N J,d&-E}-Au
{ s P » s q q 5)

Since Nj does not depend on &, it is factored out of the integral
and cancels out. After simplifying and rearranging (45), the
following expression results:

1 -1 1
Ns-AS = [f F_J, dE:, {m - Jp f F,N,J, dE‘E,,}'Au
-1

=1

(46)
The substitution of (44) and (46) in (35) yields
1 -1
AS = J.p [Nv'] ‘E,Au + [ f F.J, dg] m’
N, .
1
im — J, F.N .I,dg-E}-Au
{ P L ‘ ‘ @7

After regrouping terms and introducing the notations

k,=[ f F(E)J. dg} ; Ng= f F(ON(E)J. d§  (48,49)

Eq. (47) becomes
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AS = [Ks + K, ]-Au = K- Au 50
where K = element stiffness matrix defined by
K=K; + K, 1)

The first stiffness contribution in (51), namely
K, = km" m = k, [_‘1 ‘11] (52)

is the stiffness matrix of the truss element. Note that it is
determined by inversion of the element flexibility in (48),
which is a scalar quantity in this case. The second contribution

K,=Jp { [_NN“] - k,mT~NQ}-E,, (53)

qJ
is the geometric stiffness matrix of the element. The latter
arises from the action of the distributed bond forces along the
reinforcing bar.

It is interesting to note that the combined element stiffness
matrix in (51) is invertible. The rigid body modes in the truss
element stiffness matrix are eliminated by the action of bond
forces along the reinforcing bar, and, consequently, an assem-
bly of such elements does not need to be restrained.

DETERMINATION OF RESIDUAL DISPLACEMENTS

The determination of element resisting forces follows the
nonlinear algorithm of Spacone et al. (1996). The algorithm
centers around the determination of residual strains at the in-
tegration points of the element and the subsequent determi-
nation of the corresponding residual displacements at the el-
ement ends by integration. According to the procedure in
Spacone et al. (1996), the residual steel strains €.(§) at the
section are determined by the following procedure:

1. With the known steel stress increment Ao (£) and the cur-
rent flexibility of the steel stress-strain relation, deter-
mine the steel strain increment Ae(€) and update the steel
strain field €(§)

Ae(§) = F(O)Aa(E); &) = e(®) + Ae(®)

2. Determine the resisting stress oz(§) and the tangent flex-
ibility of the steel stress-strain relation that corresponds
to the new total steel strain €(§)

ox(§) = ox[e(§)] and F, () = F,[e®)] (56)

3. Determine the difference between applied stress o(§) and
resisting stress ox(§)

ou(€) = a(E) — ox(E) 57

4. Determine the residual strain g,(£) that is associated with
the unbalanced stress oy (£)

€.(8) = Fo(§)au(§) (58)

(54,55

The residual strain field €,(€) along the element gives rise
to residual displacements u, at the element ends. These are
determined by selecting a virtual stress field 8a(§) in equilib-
rium and applying the virtual force principle

38-u, = f 3o (E)e,(£)J, dE (59)
1

where the virtual nodal forces 3S are in equilibrium with the
virtual stress field 8a(&). The expression under the integral is
the complementary work of the virtual stress field variation on
the actual strain field. The residual displacements from (59)
are then converted to corrective end forces by multiplication






