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Abstract

This paper presents the theory and the numerical validation of three different formulations of nonlinear frame elements with nonlinear
lateral deformable supports. The governing differential equations of the problem are derived first and the three different finite element
formulations are then presented. The first model follows a displacement-based formulation, which is based on the virtual displacement
principle. The second one follows the force-based formulation, which is based on the virtual force principle. The third model follows the
Hellinger–Reissner mixed formulation, which is based on the two-field mixed variational principle. The selection of the displacement and
force interpolation functions for the different formulations is discussed. Tonti’s diagrams are used to conveniently represent the equations
governing both the strong and the weak forms of the problem. The general matrix equations of the three formulations are presented, with
some details on the issues regarding the elements’ implementations in a general-purpose finite element program. The convergence, accu-
racy, and computational times of the three elements are studied through a numerical example. The distinctive element characteristics in
terms of force and deformation discontinuities between adjacent elements are discussed. The capability of the proposed frame models to
trace the softening response due to softening of the foundation is also investigated. Overall, the force-based and the mixed models are
much more accurate than the displacement-based model and require very few elements to reach the converged solution. The force-based
element is slightly more accurate than the mixed model, but it is more prone to numerical instabilities as it involves inverting the element
flexibility matrix.
� 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

When structures undergo seismic excitations, the inten-
sity of the forces applied to the structural system (frame-
work and pile foundation) depends on both the stiffness
of the framework (superstructure) and the lateral stiffness
of the pile foundation. The accurate modeling of the soil–
pile system is thus important in predicting the response
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of new structural systems under both static and dynamic
loadings as well as in assessing the residual stiffness
and strength of existing structural systems after a severe
earthquake. Even for very simple systems, considering the
soil–pile system leads to a more realistic estimation of the
fundamental period of the structural system.

Unlike frame (superstructure) design and analysis,
where members can be considered as separate elements
connected at the joints, in the pile-foundation design the
pile must be considered in conjunction with the surround-
ing soil. As the piles try to displace inside the surrounding
soil, the latter needs to displace and thus provides a resist-
ing force. The force interaction between the pile and the
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Fig. 1. Beam element with lateral deformable supports.
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surrounding soil results in a change of the internal forces in
the pile. Consequently, the inclusion of the soil–pile system
into the numerical model is an important step toward the
development of accurate nonlinear techniques for design
and analysis of the structural systems under both static
and dynamic loadings.

Several analytical models have been proposed in the
published literature to study the problem of the soil-
structure interaction. These models range from compara-
tively simple approaches in which the surrounding soils
are represented as a set of discrete springs, to sophisticated
three-dimensional finite element models. These analytical
models are classified here into three categories: (a) elastic
continuum models; (b) solid (2-D or 3-D) finite element
models; (c) line (1-D) frame elements based on the beam
theory. The elastic continuum model was first proposed by
Mindlin [1] to study the problem of a beam on an elastic
foundation representing the soil. Because of the similarity
between the beam problem and the pile problem, the
Mindlin’s solution is adopted by several researchers (e.g.
[2,3]) to study the problem of laterally loaded piles. The
elastic continuum model, however, is limited by several fac-
tors. Its main drawback is due to the assumption that the
surrounding soil is elastic. At small deflections, a linear soil
behavior is acceptable. Nevertheless, the behavior of the
surrounding soil is highly nonlinear under moderate and
large deflections. Several examples and applications of solid

finite elements developed for analysis of laterally loaded
piles are found in Desai and Appel [4], Kuhlemeyer [5],
Winnicki and Zienkiewicz [6] and more recently, Yang
and Jeremic [7]. Analyses performed with solid elements
provide greater details but are hampered by higher
computational costs. Only foundation components or
small structural systems can be realistically investigated
using solid finite element models. For the nonlinear
analysis of large structural systems under monotonic and
cyclic loadings, line frame elements represent a good
compromise between accuracy and computational speed.
Consequently, this work focuses on the development of a
new family of 1-D frame elements for pile members with
lateral soil.

The pile element proposed by Budek et al. [8] consists of
a Hermitian beam element representing the pile, plus ele-
ment-end springs representing the surrounding soils. Due
to the discrete nature of the soil springs, a large number
of elements are needed to gain sufficient accuracy. Hoit
et al. [9] modified the discrete-element model proposed by
Mitchell [10] by attaching nonlinear soil springs at the ele-
ment ends to study the problem of pile–soil interactions.
The discrete-element model is made up of four main com-
ponents. There are two blocks in the middle, which can
extend and twist with respect to each other. Each of these
middle blocks is linked by springs to a rigid end block.
These spring connections represent the axial, torsion and
bending actions. Though simple, this model requires the
formations of ad hoc phenomenological force–deformation
laws for the spring connections.
The main objective of this paper is to propose a set of
line elements with distributed soil-structure interaction.
The elements are based on different formulations stemming
from those developed by Limkatanyu and Spacone [11] to
model bond-slip effects in reinforced concrete frame
elements. The derivation of the governing differential
equations of the frame element with lateral deformable
supports is presented first. Next, three different element
formulations are presented: displacement-based, force-
based and two-field mixed formulation. The implementation
issues of the three different formulations in a general-pur-
pose nonlinear structural analysis program are discussed
in Limkatanyu and Spacone [12]. The frame elements with
lateral deformable supports presented in this work are
different from those published to date in that the lateral soil
is represented by continuous springs along the element
length. The soil pressure at any point is directly related
to the lateral displacement at that point, thus following
the Winkler foundation concept. The elements proposed
in this work are implemented in the general-purpose finite
element code FEAP [13].

2. Equations of frame element with lateral deformable

supports (strong form)

2.1. Equilibrium

The free body diagram of an infinitesimal segment dx of
frame element with lateral deformable supports (e.g. soil) is
shown in Fig. 1. Only soil stresses normal to the beam are
taken into account in this study. Based on the small-defor-
mation assumption, all of the equilibrium conditions are
considered in the undeformed configuration. Axial equilib-
rium in the beam component leads to the following
equation:

dNðxÞ
dx

¼ 0 ð1Þ

where N(x) is the axial force in the beam. Vertical equilib-
rium of the infinitesimal segment dx yields

dV ðxÞ
dx
� pyðxÞ þ Dtop

s ðxÞ þ Dbottom
s ðxÞ ¼ 0 ð2Þ

where V(x) is the beam-section shear force; py(x) is the
transverse distributed load; Dtop

s ðxÞ and Dbottom
s ðxÞ are the
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lateral soil-forces at the top and bottom faces of the beam,
respectively. Finally, moment equilibrium yields

dMðxÞ
dx

� V ðxÞ ¼ 0 ð3Þ

where M(x) is the beam-section bending moment. This
work follows the Euler–Bernoulli beam theory, thus the
shear deformations are neglected. The shear force V(x) is
removed by combining Eqs. (2) and (3) to obtain

d2MðxÞ
dx2

� pyðxÞ þ Dtop
s ðxÞ þ Dbottom

s ðxÞ ¼ 0 ð4Þ

Eqs. (1) and (4) represent the governing equilibrium
equations of the frame element with lateral deformable
supports. Eqs. (1) and (4) can be expressed in the following
matrix form:

oT
BDBðxÞ þ oT

s DsðxÞ � pðxÞ ¼ 0 ð5Þ

where DBðxÞ ¼ fNðxÞ ..
.

MðxÞ g
T

are the element section

forces, DsðxÞ ¼ fDtop
s ðxÞ ..

.
Dbottom

s ðxÞ g
T

are the soil-

forces at section x and pðxÞ ¼ f 0 ..
.

pyðxÞ g
T

is the ele-

ment force vector. oB and os are beam and soil differential
operators, respectively and are defined as

oB ¼
d
dx 0

0 d2

dx2

" #
; os ¼

0 1

0 1

� �
ð6Þ

It is interesting to observe that there are four internal
force unknowns while only two equilibrium equations are
available at any element section. Consequently, this sys-
tem is internally statically indeterminate and the internal
forces cannot be determined simply by the equilibrium
conditions.

2.2. Compatibility

The element section deformation vector conjugate of

DB(x) is dBðxÞ ¼ f eBðxÞ ..
.

jBðxÞ g
T
, where eB(x) is the

beam-section axial strain at the reference axis and jB(x)
is the beam-section bending curvature. The displacement
vector uðxÞ ¼ uBðxÞ vBðxÞf gT contains the displacement
fields along the element, that is uB(x) and vB(x), the beam
axial and transverse displacements, respectively.

From the small-deformation assumption, the element
deformations are related to the element displacements
through the following compatibility relations: eB(x) =
duB(x)/dx and jB(x) = d2vB(x)/dx2, which can be expressed
in the following matrix form:

dBðxÞ ¼ oBuðxÞ ð7Þ

Based on the Winkler foundation theory, which assumes
perfect compatibility between beam and soil displacements,
the lateral-soil deformations are determined through the
following compatibility relations:
d top
s ðxÞ ¼ vBðxÞ

dbottom
s ðxÞ ¼ vBðxÞ

ð8Þ
where d top
s ðxÞ and dbottom

s ðxÞ are the lateral-soil deforma-
tions at the top and bottom faces, respectively. If the soil

deformation vector dsðxÞ ¼ f d top
s ðxÞ ..

.
dbottom

s ðxÞ g
T

is de-
fined, Eq. (8) can be expressed in the following matrix
form:
dsðxÞ ¼ osuðxÞ ð9Þ
2.3. Force–deformation relations

The nonlinear nature of the proposed elements derives
entirely from the nonlinear relation between the section
forces DB(x), Ds(x) and the section deformation dB(x),
ds(x). In the proposed formulations, the fiber section model
is used to derive the beam-section constitutive law
DB = DB(dB). The fiber model automatically accounts for
the interaction between axial and bending responses and
can be used to model reinforced concrete, steel and other
kinds of composite piles. The explicit expression for the
fiber beam-section force–deformation relation is given in
Spacone et al. [14]. For the lateral-soil constitutive rela-
tions Ds = Ds(ds), a generic spring model is used here. Fur-
ther details will be given in the numerical examples. The
section and lateral-soil nonlinear laws are linearized
according to the following forms:
DBðxÞ ¼ D0
BðxÞ þ DDBðxÞ ¼ D0

BðxÞ þ k0
BðxÞDdBðxÞ

DsðxÞ ¼ D0
s ðxÞ þ DDsðxÞ ¼ D0

s ðxÞ þ k0
s ðxÞDdsðxÞ

ð10Þ
where kB(x), ks(x) are the section and soil stiffness matrices,
respectively. The consistent inverse of (10) can be expressed
in the following form:
dBðxÞ ¼ d0
BðxÞ þ DdBðxÞ ¼ d0

BðxÞ þ f0
BðxÞDDBðxÞ

dsðxÞ ¼ d0
s ðxÞ þ DdsðxÞ ¼ d0

s ðxÞ þ f0
s ðxÞDDsðxÞ

ð11Þ
where fB(x), fs(x) are the section and soil flexibility matri-
ces, respectively. In the above equations and for the rest
of the paper, superscript 0 indicates the value of a vector
or matrix at the initial point of a linearized nonlinear
scheme.

The compatibility, equilibrium and constitutive equa-
tions for the frame element with distributed lateral deform-
able supports presented above are conveniently represented
in the classical Tonti’s diagram of Fig. 2. This diagram is
going to be modified for the weak forms obtained with dif-
ferent element formulations. Finally, for the sake of brev-
ity, the transverse load py(x) is omitted in the following
derivations.
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Fig. 2. Tonti’s diagram for beam with lateral deformable supports:
governing differential equations (strong form).
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3. Finite element formulations (weak form)

Three different finite element formulations are presented
in this paper: (a) a displacement-based formulation; (b) a
hybrid force-based formulation; (c) a two-field mixed
formulation.

3.1. Displacement-based formulation

The displacement-based formulation is summarized in
the Tonti’s diagram of Fig. 3. The element nodal displace-
ments U serve as the primary element variables. The
section displacements u(x) are related to the element nodal
displacements through appropriate displacement interpola-
tion functions. The section deformations dB(x) and
soil-deformations ds(x) are determined through the beam
compatibility (7) and the soil-interface compatibility (9),
respectively. Therefore, the compatibility conditions are
imposed point-wise. On the other hand, the equilibrium
equations (5) are only expressed in the weighted integral
form through the virtual displacement principle asZ

L
duTðxÞ o

T
BDBðxÞ þ o

T
s DsðxÞ

� �
dx ¼ 0 ð12Þ

where du(x) represents a virtual displacement field. Upon
substitution of the section linearized constitutive laws
(10), Eq. (12) is writtenZ

L
duTðxÞ o

T
B D0

BðxÞ þ k0
BðxÞoBDuðxÞ

� �
þ o

T
s D0

s ðxÞ
��

þk0
s ðxÞosDuðxÞ

��
dx ¼ 0 ð13Þ
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Fig. 3. Tonti’s diagram for beam with lateral deformable supports:
displacement-based formulation.
In order to move the differential operators oB and os from
the force vectors DB(x) and Ds(x) to the virtual displace-
ment fields du(x), integration by parts is applied to Eq.
(13), resulting inZ

L

oBðduðxÞÞ
osðduðxÞÞ

� 	T
k0

BðxÞ 0

0 k0
s ðxÞ

" #
oBðDuðxÞÞ
osðDuðxÞÞ

� 	
dx

¼ dUTP�
Z

L
oBðduTðxÞÞD0

BðxÞ þ osðduTðxÞÞD0
s ðxÞ

� �
dx

ð14Þ
where dUTP derives from the boundary terms and repre-
sents the external virtual work done by the virtual nodal
displacements dU on the externally applied nodal forces
P. Eq. (14) is the fundamental equation for the displace-
ment-based finite element formulation of the frame element
with lateral deformable supports. The element displace-
ments u(x) are related to the nodal displacements U

through the displacement interpolation functions ND-B
u ðxÞ

uðxÞ ¼ ND-B
u ðxÞU ð15Þ

where the superscript D-B denotes the displacement-based
formulation. It follows that dBðxÞ ¼ BD-B

B ðxÞU and dsðxÞ ¼
BD-B

s ðxÞU, where BD-B
B ðxÞ ¼ oBND-B

u ðxÞ and BD-B
s ðxÞ ¼

osN
D-B
u ðxÞ. Upon substitution of (15) into (14) and from

the arbitrariness of dU

Z
L

BD-B
B ðxÞ

BD-B
s ðxÞ

( )T
k0

BðxÞ 0

0 k0
s ðxÞ

" #
BD-B

B ðxÞ
BD-B

s ðxÞ

( )
dxDU

¼ P�
Z

L
BD-BT

B ðxÞD0
BðxÞdx�

Z
L

BD-BT

s ðxÞD0
s ðxÞdx

ð16Þ
Eq. (16) is written in the compact form

K0DU ¼ P�Q0 ð17Þ
K0 is the element stiffness matrix

K0 ¼ K0
B þ K0

s ð18Þ
where K0

B and K0
s are the beam and soil contributions,

respectively, to the element stiffness matrix

K0
B ¼

Z
L

BD-BT

B ðxÞk0
BðxÞBD-B

B ðxÞdx

K0
s ¼

Z
L

BD-BT

s ðxÞk0
s ðxÞBD-B

s ðxÞdx
ð19Þ

Q0 contains the element resisting forces

Q0 ¼ Q0
B þQ0

s ð20Þ
where Q0

B and Q0
s are the beam and soil contributions,

respectively, to the element resisting forces

Q0
B ¼

Z
L

BD-BT

B ðxÞD0
BðxÞdx

Q0
s ¼

Z
L

BD-BT

s ðxÞD0
s ðxÞdx

ð21Þ
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Fig. 4. Two-node displacement-based frame element with lateral deform-
able supports.
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The right-hand side of (17) is the force residual correspond-
ing to the weak statement of the equilibrium equation (5)
and vanishes when the equilibrium configuration is reached.

The element used in this paper comprises a two-node beam
with top and bottom soil interfaces (Fig. 4). The two-node
element has a linear axial displacement field, a cubic trans-
verse displacement field, and cubic soil-deformation fields
along the interfaces. These proposed displacement fields
satisfy the C0 and C1 continuities for the axial and transverse
displacements required by the variational indices in (13). The
two-node displacement-based element, though numerically
stable, is not very accurate and is used primarily as reference
model for the following, more advanced formulations.

3.2. Force-based (force-hybrid) formulation

The force-based formulation stems from the force-based
steel–concrete composite beam element with partial inter-
action proposed by Salari et al. [15]. The force-based for-
mulation is derived from the virtual force principle and is
the dual of the displacement-based formulation. The steps
involved in the force-based formulation are schematically
represented in the Tonti ‘s diagram of Fig. 5. The element
internal force fields DB(x) and Ds(x) serve as the primary
variables and are expressed in terms of the element nodal
forces through appropriate force interpolation functions.
The force interpolation functions are derived such that
the equilibrium equations (5) are satisfied point-wise along
the element. On the other hand, the beam compatibility
equation (7) and the soil compatibility equation (9) are
expressed only in the weighted integral formZ

L
dDT

BðxÞðdBðxÞ � oBuðxÞÞdx

þ
Z

L
dDT

s ðxÞðdsðxÞ � osuðxÞÞdx ¼ 0 ð22Þ
compatibility

section constitutive law

soil constitutive law

equilibrium

strong form

weak form

Fig. 5. Tonti’s diagram for beam with lateral deformable supports: force-
based formulation.
where dDB(x) and dDs(x) are virtual equilibrated section
and soil-interface force fields, respectively,. Upon substitu-
tion of the section linearized laws (11), Eq. (22) is writtenZ

L
dDT

BðxÞ d0
BðxÞ þ f0

BðxÞDDBðxÞ � oBuðxÞ
� �

dx

þ
Z

L
dDT

s ðxÞ d0
s ðxÞ þ f0

s ðxÞDDsðxÞ � osuðxÞ
� �

dx ¼ 0

ð23Þ

where f0
BðxÞ and f0

s ðxÞ are the initial flexibility matrices of
the section and of the soil interfaces, respectively. Integra-
tion by parts of (23) and substitution of the equilibrium
equation (5) lead to the following matrix equation:

Z
L

dDBðxÞ
dDsðxÞ

� 	T
f0

BðxÞ 0

0 f0
s ðxÞ

" #
DDBðxÞ
DDsðxÞ

� 	
dx

¼ dQTU�
Z

L

dDBðxÞ
dDsðxÞ

� 	T
d0

BðxÞ
d0

s ðxÞ

( )
dx

ð24Þ

where dQTU is the boundary term and represents the exter-
nal virtual work done by dQ (the virtual element nodal
forces without rigid body modes) on U (the corresponding
element nodal deformations, or displacements without
rigid body modes). The element is formulated without rigid
body modes in view of its implementation in a general-
purpose finite element code, which requires inversion of
the element flexibility matrix [14]. Eq. (24) is the fundamen-
tal equation of the force-based finite element formulation.
To obtain the discrete form of (24), the section forces
DB(x) and the soil-interface forces Ds(x) are expressed in
terms of the element nodal forces without rigid body modes
Q and of the soil-interface forces Qs at selected reference
points along the interface, according to the following
matrix relation:

DBðxÞ
DsðxÞ

� 	
¼ NF-B

BB ðxÞ NF-B
Bs ðxÞ

NF-B
sB ðxÞ NF-B

ss ðxÞ

" #
Q

Qs

( )
ð25Þ

where the superscript F-B denotes the force-based formula-
tion, and NF-B

BB ðxÞ; NF-B
Bs ðxÞ; NF-B

sB ðxÞ; NF-B
ss ðxÞ are the force

interpolation functions. Substitution of (25) into (24) and
from the arbitrariness of dQ and dQs, the following matrix
expression results:

F0
BB F0

Bs

F0T

Bs F0
ss

" #
DQ

DQs

( )
¼ U

0

( )
�

r0

r0
s

( )
ð26Þ

where F0
BB, F0

Bs, F0
ss are the following flexibility terms:

F0
BB ¼

Z
L

NF-BT

BB f0
BNF-B

BB þNF-BT

sB f0
s NF-B

sB


 �
dx

F0
Bs ¼

Z
L

NF-BT

BB f0
BNF-B

Bs þNF-BT

sB f0
s NF-B

ss


 �
dx

F0
ss ¼

Z
NF-BT

Bs f0
BNF-B

Bs þNF-BT

ss f0
s NF-B

ss


 �
dx

ð27Þ
L
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Fig. 6. Two-node force-based frame element with lateral deformable
supports (a) with rigid body modes and (b) without rigid body modes.
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r0 and r0
s represent the displacements at the element and soil

degrees of freedom, respectively, compatible with the inter-
nal deformations d0

B and d0
s

r0 ¼
Z

L
NF-BT

BB d0
B þNF-BT

sB d0
s


 �
dx

r0
s ¼

Z
L

NF-BT

Bs d0
B þNF-BT

ss d0
s


 �
dx

ð28Þ

Similarly to the element nodal force residuals in the stiff-
ness equation (17), U� r0 and �r0

s represent the element
nodal and soil displacement residuals, respectively, in the
flexibility equation (26). The zero term on the right-hand
side of (26) implies that the relative soil-deformations at
the selected reference points along the interfaces are equal
to zero. This condition is similar to the known displace-
ment conditions that are used to determine the redundant
forces in statically indeterminate structures by the classical
force method.

The redundant force unknowns DQs are eliminated
through static condensation in (26). The second equation
in (26) yields DQs ¼ �ðF0

ssÞ
�1ðF0

sBDQþ r0
s Þ, which substi-

tuted in the first equation yields

F0DQ ¼ U�U0
B �U0

s ð29Þ
where F is element flexibility matrix defined as

F0 ¼ F0
BB � F0

Bs F0
ss

� ��1
F0

sB ð30Þ

and U0
B, U0

s are the contributions of the beam component
and of the soil interfaces, respectively, to the element nodal
displacements U0 without rigid body modes

U0
B ¼

Z
L

NF-BT

BB � F0
Bs F0

ss

� ��1
NF-BT

Bs


 �
d0

B dx

U0
s ¼

Z
L

NF-BT

sB � F0
Bs F0

ss

� ��1
NF-BT

ss


 �
d0

s dx
ð31Þ

The right-hand side vector U�U0
B �U0

s of (29) repre-
sents the element nodal displacement residuals correspond-
ing to the weak form of the compatibility conditions (7)
and (9) vanishes when the compatible configuration is
reached. In order to implement the force-based element
in a general-purpose displacement-based finite element pro-
gram, it is necessary to introduce a special state-determina-
tion procedure, which is discussed in detail in Limkatanyu
and Spacone [12]. This procedure computes the element
stiffness matrix and the resisting forces for the element
without rigid body modes and then adds the rigid body
modes back into the element. The resulting hybrid solution
procedure, required to interface the force-based element
formulation with the displacement-based structural solver,
allowed the authors to rename the element formulation
force-hybrid.

Fig. 6 shows the two-node force-based frame element
with and without rigid body modes used in this study. Add-
ing the rigid body modes to the element of Fig. 6(b) or
filtering out the rigid body modes from the element of
Fig. 6(a) is accomplished through matrix transformations
based on equilibrium and compatibility between the two
systems.

In structures that are internally statically determinate,
such as the reinforced concrete beam with perfect bond
of Spacone et al. [14], the internal force distributions can
be determined exactly from equilibrium. In the beam model
with lateral deformable supports of Fig. 6, which is inter-
nally statically indeterminate, the internal force distribu-
tions cannot be exactly determined from equilibrium
only, except for some special, simple linear-elastic struc-
tures. The soil-interface forces serve as the redundant
forces in this element. Assumptions on the soil force distri-
butions are made. This procedure is identical to that
followed by Salari et al. [15] for the steel–concrete
composite beam with deformable shear connectors. In the
proposed formulation of an element with lateral deform-
able supports, the soil-force distributions are assumed to
be cubic functions. The bending moment distribution cor-
responding to the cubic soil-interface force distributions
is a fifth-order polynomial.

3.3. Hellinger–Reissner mixed formulation

In the two-field mixed formulation, the section forces
DB(x) are expressed in terms of the element nodal forces
QR through force interpolation functions, and the beam
displacements u(x) are expressed as functions of the ele-
ment nodal displacements U via displacement interpolation
functions. The beam element nodal forces QR and nodal
displacements U serve as the primary element variables.
The equilibrium equation (5), and the beam compatibility
equation (7) are satisfied in an integral (or weak) form.
On the other hand, compatibility of the soil-interface field
is satisfied in a strong form through the soil compatibility
equation (9). The element formulation is based on the
Hellinger–Reissner (H–R) mixed variational principle as
discussed in Felippa [16] and Ayoub [17]. The mixed for-
mulation is schematically represented in the Tonti’ s dia-
gram of Fig. 7. Based on the virtual displacement principle,
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the weighted integral form of the equilibrium equation is
expressed asZ

L
duTðxÞ oT

BDBðxÞ þ oT
s DsðxÞ

� 

dx ¼ 0 ð32Þ

where du(x) is a compatible virtual displacement field. In
order to move the differential operators oB and os from
the section forces DB(x) and soil-interface forces Ds(x) to
the virtual displacement field du(x), integration by parts
is applied to (32)Z

L
ðoB duðxÞÞTDBðxÞ þ ðos duðxÞÞTDsðxÞ
h i

dx ¼ dUTP ð33Þ

Upon application of the linear incremental form of the
material constitutive law (10) and after imposing the soil-
interface compatibility (9), (33) is writtenZ

L
duTðxÞ oT

BDDBðxÞ þ oT
s k0

s ðxÞosDuðxÞ
� 


dx

¼ dUTP�
Z

L
duTðxÞ o

T
BD0

BðxÞ þ o
T
s D0

s ðxÞ
� 


dx ð34Þ

Eq. (34) is the linear incremental form of the virtual dis-
placement principle.

Based on the virtual force principle, the weighted inte-
gral form of the beam compatibility Eq. (7) can be written
asZ

L
dDT

BðxÞ½oBuðxÞ � dBðxÞ�dx ¼ 0 ð35Þ

where dDB(x) is a virtual equilibrated force field that serves
as trial function. Upon substitution of (11) and after
expressing the displacement field in its linearized form
u(x) = u0(x) + Du(x), Eq. (35) is writtenZ

L
dDT

BðxÞ½oBDuðxÞ � f0
BðxÞDDBðxÞ�dx

¼
Z

L
dDT

BðxÞ½d0
BðxÞ � oBu0ðxÞ�dx ð36Þ

Eqs. (34) and (36) form the fundamental equations of the
H–R mixed finite element formulation for the frame
element with lateral deformable supports. They are com-
bined into the following form:Z

L

duðxÞ
dDBðxÞ

� 	T
oT

s k0
s ðxÞos oT

B

oB �f0
BðxÞ

" #
DuðxÞ

DDBðxÞ

� 	
dx

¼ dUTP�
Z

L

duðxÞ
dDBðxÞ

� 	T
o

T
BD0

BðxÞ þ o
T
s D0

s ðxÞ
oBu0ðxÞ � d0

BðxÞ

( )
dx

ð37Þ
To obtain the discrete form of (37), the beam force and

displacement fields are expressed in terms of the nodal
force degrees of freedom QR (to be defined later in the
paper) and the nodal displacements U through the force
and displacement interpolation functions, respectively

uðxÞ ¼ NH–R
u ðxÞU

DBðxÞ ¼ NH–R
F ðxÞQR

ð38Þ

where superscript H–R denotes the H–R mixed formula-
tion. NH–R

u ðxÞ contains the displacement interpolation func-
tions for the beam displacements and NH–R

F ðxÞ contains the
force interpolation functions for the beam forces. Upon
substitution of (38) into (37) and from the arbitrariness
of dQR and dU the following mixed equation results:

K0
s TT

TT �F0
B

" #
DU

DQR

� 	
¼ P� TTQ0

R �Q0
s

U0
Rr

( )
ð39Þ

where K0
s is the contribution of the soil interfaces to the

element stiffness matrix, defined as

K0
s ¼

Z
L

BH–RT

S ðxÞk0
s ðxÞBH–R

s ðxÞdx ð40Þ

with BH–R
B ðxÞ ¼ oBNH–R

u ðxÞ, BH–R
s ðxÞ ¼ osN

H–R
u ðxÞ. F0

B is the
beam flexibility matrix, defined as

F0
B ¼

Z
L

NH–RT

F ðxÞf0
BðxÞNH–R

F ðxÞdx ð41Þ

Matrix T serves as the transformation matrix between the
force degrees of freedom and the displacement degrees of
freedom, and is defined as

T ¼
Z

L
NH–RT

F ðxÞBH–R
B ðxÞdx ð42Þ

U0
Rr contains the beam nodal displacement residuals and is

defined as

U0
Rr ¼

Z
L

NH–RT

F ðxÞd0
BðxÞ � TU0 ð43Þ

Q0
s is the contribution of the soil interfaces to the element

forces

Q0
s ¼

Z
L

BH–RT

s ðxÞD0
s ðxÞdx ð44Þ

The right-hand side of (39) contains the force and dis-
placement residuals, which correspond to the weighted
integral forms of equilibrium and of beam compatibility,
respectively.
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In view of the element implementation into a general-
purpose finite element program, the force degrees of
freedoms in (39) are eliminated using static condensation.
Consequently, the force continuity between adjacent ele-
ments is locally relaxed. From the second equation in (39)
the beam element nodal forces are computed as DQR ¼
ðF0

BÞ
�1ðTDU�U0

RrÞ and they are substituted into the first
equation in (39) to obtain

TT F0
B

� ��1
Tþ K0

s


 �
DU ¼ P� TTQ0

R �Q0
s þ TT F0

B

� ��1
U0

Rr

ð45Þ
where the term TTQ0

R þQ0
s � TTðF0

BÞ
�1

U0
Rr represents the

element forces. In (45), Q0
s are the forces directly dual to

the nodal displacements U, while Q0
R and ðF0

BÞ
�1

U0
Rr repre-

sent the nodal forces at the force degrees of freedom. These
latter are pre-multiplied by the transformation matrix T to
become dual to the nodal displacements U.

In order to ensure numerical stability of the solution, the
element degrees of freedom and the element displacement
and force interpolation functions cannot be arbitrarily
selected for mixed elements, as discussed in Zienkiewicz
and Taylor [18]. Ayoub [17] discusses the stability issue
for two-field mixed beam elements. The stability condition
requires that

nR P nU ð46Þ

where nR is the number of force degrees of freedom and nU is
the number of displacement degrees of freedom of the
element without rigid body modes. The above condition is
necessary but not sufficient to ensure element convergence.

The degree of the displacement interpolation functions
was selected in this study after considering the variational
indices in (35). Because the first derivative of the axial
displacement and the second derivative of the transverse
displacement appear in (35), C0 and C1 continuous func-
tions are used for the axial and transverse displacements,
respectively. As a result, a cubic Hermitian polynomial is
used for the beam transverse displacement and quadratic
polynomials are used for the beam axial displacement.
Because the cubic transverse displacement implies a linear
curvature variation and the quadratic axial displacement
implies a linear axial strain variation, linear bending
moment and axial force variations were selected for the
force interpolation functions.

The displacement degrees of freedom that derive from
the above considerations are shown in Fig. 8(a). The dis-
placement degrees of freedom use a three-node beam ele-
ment. Each end node has three degrees of freedoms. The
middle node has the axial displacement degree of freedom
only. As a result, the axial displacement distribution in the
beam is quadratic; the transverse displacement distribution
in the beam is cubic and the soil-deformation distribution
is cubic.

The two-node beam is used to define the element force
degrees of freedoms without rigid body modes (Fig. 8(b)).
Each node has two degrees of freedoms, one for the axial
force and one for the bending moment in the beam. The
nodal force components R in Fig. 8(b) are grouped in the
beam nodal force vector QR. Consequently, the beam axial
force and the beam bending moment are both linear.
4. Numerical validation

The simply supported beam on lateral deformable foun-
dation of Fig. 9 is used to investigate the performance and
the characteristics of the aforementioned nonlinear frame
elements. Due to symmetry, only half of the beam is used
for the analyses. The beam geometric characteristics are
shown in Fig. 9. The beam section is discretized into 20
fibers. Each fiber has a nonlinear elastic-strain hardening
uniaxial constitutive law, with initial modulus of elasticity
210 GPa and yield strength 460 MPa. The strain-hardening
ratio is 0.01. The p–y curve of the soil foundation is
assumed to be elasto-plastic. The yield displacement is
40 mm., the corresponding yield pressure is 40 MPa, and
the strain-hardening ratio is 0.05. The nonlinear analyses
are performed under displacement control.

Fig. 10 shows the results of an investigation on the num-
ber of elements required to reach the converged solution
for the three formulations presented in this paper. The
three plots illustrate the midspan P–d (force–displacement)
responses. The so-called ‘‘benchmark’’ response is obtained
with a mesh consisting of 32 displacement-based elements.
The changes in the response slopes are due to yielding of
the beam first and yielding of the foundation springs next.
Fig. 10(a) presents the responses obtained with different
meshes of displacement-based elements. It is seen that for
meshes of more than 16 elements, the responses do not fur-
ther change, showing that the converged solution has been
reached. Fig. 10(b) shows the convergence characteristics
of the force-based (force-hybrid) element. The force-based
element is much more accurate than the displacement-
based element, and only two elements are required to reach
the converged solution, with one element providing already
a satisfactory response. Likewise, Fig. 10(c) indicates that
the H–R mixed element is rather accurate, as shown by
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the increase in accuracy after the first decrease in response
stiffness (d = 10 mm) for meshes comprised of two, four,
and eight elements.

It is interesting to point out that for the displacement-
based element, in which the displacements serve as the
primary variables, a more refined mesh leads to a more
flexible response (convergence from above), while for the
force-based element, in which the forces serve as primary
variables, a more refined mesh results in a stiffer response
(convergence from below). For the H–R mixed element
in which both displacements and forces serve as the
primary variables, the response converges from above,
indicating that the displacement interpolation functions
NH–R

u play a role which is more essential than that of the
force interpolation functions NH–R

F in controlling the ele-
ment response. The assumed force interpolation functions,
however, enhance the element accuracy. This happens
because, in general, the force fields along the beam are
smoother than the deformation fields, which may show large
jumps in the inelastic regions, particularly where plastic
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hinges tend to form. For the results of Fig. 10, the central
processing unit (CPU) times on a Pentium IV 1.3 GHz
personal computer and the errors of the three aforemen-
tioned element formulations with different element num-
bers are presented in Table 1. The errors were measured
based on the following expression:

e ¼

PNstep

k¼1

P yk�P exact
yk

P exact
yk

��� ���
N step

� 100 ð47Þ

where e represents the percentage error, Nstep is the number
of applied displacement steps used in the analysis (this num-
ber is the same for all analyses of Fig. 9). P yk

are the midspan
forces at step k and P exact

yk
represent the ‘‘benchmark’’ forces

at the same step. The results of Table 1 further highlight
the better accuracy in terms of computational cost of the
Table 1
CPU time (on a Pentium IV 1.3 GHz PC) and number of elements needed for

Number of elements Displacement-based Force-b

CPU time (s) (Error) (%) CPU ti

1 2.52 (56.46) 4.48
2 4.34 (35.74) 9.19

Converg

4 8.16 (17.19)
6 – –

8 15.62 (6.02)
16 31.02 (1.29)

Converged
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Fig. 11. Internal field distributions at integration
force-based and H–R mixed elements. The CPU time of a
single force-based element is almost twice that of a single dis-
placement-based element, while the CPU time of the mixed
element is comparable to that of the displacement-based ele-
ment. A further study compares the CPU time necessary to
reach convergence. Convergence is defined when the above-
defined error e is smaller than 1.5%. The use of force-based
elements leads to the lowest CPU time (because only two ele-
ments are required), while the displacement-based elements
lead to the slowest solution (because 18 elements are needed
to reach convergence). Six mixed elements are needed to
reach convergence, with a convergence time slightly higher
than that of the force-based element.

Fig. 11 shows the distributions of the beam curvature,
beam moment, soil-deformation (vertical deflection) and
soil-force at the integration points along the beam
convergence for the beam of Fig. 9

ased Hellinger–Reissner
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points for midspan displacement d = 70 mm.
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associated with a midspan deflection d = 70 mm. The
response with 32 displacement-based elements serves as ref-
erence solution. In order to have a sufficient number of
points of internal force and deformation distributions,
the number of elements is increased from six to eight for
the H–R mixed element. Clearly, the results of Fig. 11 indi-
cate that the force-based and H–R mixed elements are
capable of representing not only the global (Fig. 10) but
also the local response.

In order to observe the different characteristics of the
three element formulations, Fig. 12 shows a close-up look
of the internal field distributions of Fig. 11. The plots of
Fig. 12 are limited to the 400–800 mm distance along the
beam and the response scales are also modified. For the
displacement-based element, there are discontinuities in
the curvature and moment distributions between adjacent
elements, because neither compatibility nor equilibrium is
enforced between the two end sections of two adjacent ele-
ments. It is worth pointing out that the Gauss–Lobatto
integration scheme is used in the element implementations,
thus each one of the two beam elements sharing a node has
a monitored section located at the nodal coordinates. The
jump in the moment distribution between adjacent ele-
ments is rather small in Fig. 12(b) and is not clearly visible.
There is, however, continuity in the soil-deformation (ver-
tical deflection) and soil-force distributions between adja-
cent elements, because the soil compatibility equation is
imposed in the point-wise sense. Similar discontinuities in
curvature and moment distributions are also found for
the H–R mixed element. This, however, is the result of
the condensation of the nodal force degrees of freedom,
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Fig. 12. A close-up look of interna
mentioned earlier in the element formulation. There is con-
tinuity in the soil-deformation (vertical deflection) and soil-
force distributions between adjacent elements due to the
satisfaction of the soil compatibility condition in the strong
sense. For the force-based element, the curvature and
moment distributions are continuous between adjacent ele-
ments. This is due to the fact that since the nodal forces are
in equilibrium, and because the internal force distributions
are in equilibrium with the nodal forces through the force
interpolation functions, the internal force distributions
are continuous. Because the section deformations in the
force-based element are obtained from the section forces
through the section constitutive law, the section deforma-
tions (curvature in this case) are also continuous. On the
other hand, there exist discontinuities in soil-deformation
and soil-force distributions between adjacent elements,
because the reference soil-forces are condensed out as out-
lined in the element formulation.

Of great interest is also the capability of the proposed
frame elements to trace the softening response due to soft-
ening of the soil foundation. Consequently, the hardening
soil foundation of the beam in Fig. 9 is replaced by a soft-
ening soil foundation. The softening branch of the p–y

curve of the soil foundation is assumed to be linear. The
yield displacement is 40 mm. associated with the 40-MPa-
yield pressure and the ultimate displacement is 120 mm.
associated with the zero pressure. The load–displacement
diagram obtained with the three models is shown in
Fig. 13. For the displacement-based model, the beam is dis-
cretized into 32 elements. For the force-based model, there
are four elements in the beam. Finally, eight elements are
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used to discretize the beam in the H–R model. The three
proposed models succeeded in detecting the softening
behavior of the beam with the softening soil foundation.
The force-based model shows an advantage in term of
the computational expense. However, it is important to
note that the midspan displacement of the force-based
model cannot exceed 120 mm. (associated with the zero
foundation stiffness) due to the fact that the soil-section
stiffness matrix needs to be inverted during the element
state determination. On the other hand, the midspan dis-
placement can go beyond 120 mm. in both displacement-
based and the H–R mixed models, because the lateral-soil
behavior is derived from the displacement shape functions,
and thus the soil-section stiffness does not need to be
inverted.

5. Conclusions and future work

The paper presents a family of three frame elements
capable of modeling a nonlinear beam element on nonlin-
ear deformable supports. The formulation starts from the
derivation of the governing differential equations (strong
form) and then, three different finite element formulations
(weak forms) are derived. The three finite elements are
based on the displacement-based, the force-based (hybrid),
and the Hellinger–Reissner mixed formulations. The dis-
placement-based element is derived from the virtual dis-
placement principle and uses displacement interpolation
functions to express the beam and lateral-soil displacement
fields in term of nodal displacement degrees of freedom.
The force-based (hybrid) element is derived from the vir-
tual force principle and employs force interpolation func-
tions to express the internal force fields in terms of force
degrees of freedom. In this element, the element soil-forces
at selected reference points serve as internal redundant
forces. The Hellinger–Reissner mixed element is derived
from the two-field mixed variational principle involving
both the virtual displacement and virtual force principles.
Force interpolation functions are used to express the beam
internal force fields in terms of the beam force degrees of
freedom and displacement interpolation functions are used
to express the soil-deformation fields in terms of the ele-
ment displacement degrees of freedom.

A numerical example is used to compare the perfor-
mance and characteristics of each finite element formula-
tion. The results of the numerical example show the far
superior accuracy of the force-based and Hellinger–Reiss-
ner mixed elements. Although a single displacement-based
element is much faster than the other two elements, a much
more refined mesh of displacement-based elements is
required to reach the converged solution, resulting in high
computational times. In the displacement-based element,
the foundation force and deformation distributions are
continuous between adjacent elements due to the strong
imposition of the foundation compatibility. The moment
and curvature distributions, however, are discontinuous
over adjacent elements due to the weak enforcement of
equilibrium. In the force-based element, the foundation
force and deformation distributions are discontinuous
between adjacent elements due to the static condensation
of the element soil forces. The moment and curvature dis-
tributions, however, are continuous over adjacent elements
due to the strong enforcement of equilibrium. In the Hellin-
ger–Reissner mixed element, the foundation force and
deformation distributions over adjacent elements are
continuous due to the strong satisfaction of the soil com-
patibility. The moment and curvature distributions are
discontinuous over adjacent elements due to the condensa-
tion of the element force degrees of freedoms.

The case of the beam on softening soil foundation is
used to show the models’ ability to represent the softening
behavior of the beam/foundation system. Though all
proposed models succeed in representing the softening
response of the softening beam/foundation system, the
force-based and mixed models are far more accurate. How-
ever, the force-based model encounters numerical problems
when the lateral soil stiffness approaches singularity. No
such problems are encountered in either displacement-
based or Hellinger–Reissner models. It appears therefore
that the H–R mixed model represents the best compromise
between accuracy and numerical stability for the case of a
hardening beam on a softening soil foundation.

The development of the proposed frame elements with
lateral deformable supports is a step forward in establish-
ing a computational framework that permits the full non-
linear static and dynamic analysis of frame structures
including the soil–pile interaction effects. The next steps
in this direction are the implementation of realistic p–y

curves capable of reproducing the most relevant experi-
mentally observed phenomena and the development of a
superstructure—pile cap—piles system for modeling the
response of bridges subjected to ground motions.
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