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LOCALIZATION ISSUES IN FORCE-BASED FRAME ELEMENTS

By J Coleman1 and Enrico Spacone,2 Associate Members, ASCE

ABSTRACT: This paper summarizes the results of an investigation on objective modeling and prediction of
deformation localization in nonlinear force-based frame elements. Emphasis is placed on the behavior of rein-
forced concrete structures where localization is most likely to occur. The discussion begins with a brief review
of the force-based element formulation. Next, plastic hinge behavior is classified into three categories: hardening
plastic hinges, perfectly plastic hinges, and softening plastic hinges. The three types of inelastic behavior pose
an increasing challenge to objective postpeak modeling. The physical and numerical characteristics of localized
failure are outlined. Two regularization techniques for maintaining postpeak objectivity are proposed: (1) a
constant fracture energy criterion, which provides objective response on the element force-displacement level;
and (2) geometric scaling, which provides objective response on the local moment-curvature level in plastic
hinge regions. The discussion concludes with three applications to different reinforced concrete structures: a
frame, a bridge pier, and an overreinforced concrete beam. In all three cases, the proposed regularization tech-
nique successfully yields objective model predictions.

INTRODUCTION

Nonlinear frame analysis techniques are finding practical
design applications in assessing the performance of building
structures and bridges under static and dynamic loads. New
performance-based seismic design guidelines (FEMA 1997)
require that buildings be analyzed using nonlinear static push-
over analyses or nonlinear dynamic analyses to control the
global and local demands. The use of nonlinear frame analysis
necessitates the availability of robust and computationally ef-
ficient models for performing analyses in a reasonable amount
of time.

Modeling of material nonlinearities in frame analysis can be
classified into two main categories: lumped and distributed
plasticity models. The lumped plasticity approach is charac-
terized by inserting discrete nonlinear moment-rotation hinges
at the ends of otherwise linear elements. This approach pro-
vides an efficient means of modeling and controlling plastic
hinge formation. On the other hand, distributed plasticity mod-
els provide a more general framework for nonlinear frame
analysis, where nonlinearities can develop anywhere along the
member. For brittle materials, such as concrete, the behavior
of lumped and distributed plasticity models can be compared
to that of discrete and smeared crack models in solid finite
elements. In the first case, the location and direction of the
possible cracks are predetermined, while in the second case,
cracks may develop anywhere in the structure. This paper
deals with distributed plasticity frame elements.

Two methods are typically followed to formulate distributed
plasticity frame models: displacement- and force-based for-
mulations. In the displacement-based formulation, the dis-
placement fields along the element are expressed as functions
of the nodal displacements. The assumed displacement fields
are approximations of the actual displacement fields; thus sev-
eral elements per member are used to obtain a good approxi-
mation of the exact response. In the force-based formulation,
the internal force fields are expressed as functions of the nodal
forces. Force-based elements are particularly suited for non-
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linear frame analysis because they are exact within the frame-
work of the classical beam theories (Spacone et al. 1996a,b).
Because of the precision of force-based elements, only one
element per structural member is used, leading to considerable
savings in the total number of degrees of freedom in the struc-
tural model.

This study focuses on localization issues in force-based el-
ements. It is shown that force-based elements lose objectivity
at the local and/or global level, depending on the section con-
stitutive behavior. For elastic-perfectly plastic section re-
sponses, the section curvature demands are a function of the
number of integration points of the numerical integration
scheme used for the element integrals. For strain-softening
section responses, both the section curvature demands and the
element response (and thus the overall structural response) are
sensitive to the number of integration points. Strain localiza-
tion issues also affect displacement-based frame elements, but
the displacement interpolation functions force localization
within a single element instead of one integration point. Lo-
calization in displacement-based solid finite elements has been
thoroughly studied and documented by, among others, Bazant
and Oh (1983), Bazant and Planas (1998), and de Borst et al.
(1994), and the theory extends to frame elements.

In force-based elements, the strains localize at one integra-
tion point only. The force-based element developed by Spa-
cone et al. (1996a,b) is used in this study. The element relies
on an accurate and robust state determination technique to find
the element forces and stiffness matrix. The fiber section
model is used to obtain the section response, and each fiber is
assigned a nonlinear uniaxial material law. Emphasis is placed
on reinforced concrete (RC) members because of the likeli-
hood of elastic-perfectly plastic or strain-softening type be-
haviors that promote localization problems. Steel structures,
on the other hand, generally exhibit strain-hardening inelastic
behavior, for which localization concerns are less pronounced.
This study addresses the problem of strain localization in com-
pression only. Tension stiffening in RC structures does not
play an important role under service or ultimate loads. Thus
the topic of strain localization in tension, although fundamen-
tal in solid finite-element analyses, does not significantly affect
the response of nonlinear frame analyses under seismic loads.

A thorough analysis of the localization characteristics of
force-based elements and a clear, simple solution of the prob-
lem is fundamental for the application of nonlinear frame anal-
ysis to practical problems. In particular, the following tasks
must be accomplished: (1) provide objective prediction of the
force-displacement response at the element level; and (2) pro-
vide objective prediction of the peak curvature demand at the
section level in plastic hinge regions. Accurate results are of
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FIG. 1. Cantilever Beam with Elastic-Strain-Hardening Section Re-
sponse

particular interest in the framework of the performance-based
design guidelines (FEMA 1997), which require computation
of both global (displacements) and local (interstory drifts, cur-
vatures, and thus strains) response quantities for comparison
with predetermined performance limits.

FORCE-BASED FRAME ELEMENT FORMULATION

The force-based frame element formulation by Spacone et
al. (1996a,b) is quickly reviewed here. The formulation sheds
light on the localization issues discussed in the paper. The
element is cast in the framework of the 2D Euler-Bernoulli
beam theory with small deformations. The formulation has re-
cently been extended to the Timoshenko beam theory by Mar-
tino et al. (2000).

The section forces along the beam are grouped in the section
force vector s(x) = {N(x)M(x)}T, where N(x) is the axial load
and M(x) is the bending moment. The corresponding section
deformation vector e(x) = {ε(x)f(x)}T contains the axial strain
ε(x) and the curvature f(x). In the force-based formulation,
from equilibrium the internal forces s(x) are written as func-
tions of the nodal forces Q:

s(x) = N (x)Q (1)Q

where NQ(x) are the force interpolation functions that, in the
case of the beam, define constant axial force and linear bend-
ing moment distributions in equilibrium with the nodal forces
Q. For a nonlinear problem, the section constitutive law is
written in the incremental form

De(x) = f (x)Ds(x) (2)

where f (x) is the section flexibility matrix. Application of the
principle of virtual forces yields the following compatibility
equation:

FDQ = DU (3)

where U are the nodal displacements and F is the element
flexibility matrix

L

TF = N (x)f (x)N (x) dx (4)Q QE
0

The great attraction of the force-based formulation stems
from the fact that the interpolation functions NQ(x) are ‘‘ex-
act,’’ that is, the bending moment is linear and the axial load
is constant, irrespective of the material behavior of the beam.
As long as the exact force interpolation functions can be de-
termined, the flexibility matrix of (4) is exact. Implementation
of the force-based frame element into a general-purpose finite-
element program requires a special state determination for the
computation of the element forces. Spacone et al. (1996a) pro-
vide a consistent method for computing the element forces Q
and the element flexibility matrix F. The method satisfies equi-
librium in a strict sense between section and nodal loads, and
compatibility between section deformations and nodal dis-
placements is maintained in an integral sense by satisfying the
following equation:

L

TU = N (x)e(x) dx (5)QE
0

The details of the state determination are omitted here be-
cause they do not bring additional information on the locali-
zation issues discussed in this paper. It is worth mentioning
that the state determination and other variations that have
stemmed from the original formulation are numerically very
stable, even in complex cases such as RC columns that soften
due to the crushing of the concrete in compression.

The element integrals (4) and (5) are evaluated through nu-
merical integration

NIP

TF > w LN (x )f (x )N (x ) (6a)IP Q IP IP Q IPO
IP = 1

NIP

TU > w LN (x )e(x ) (6b)IP Q IP IPO
IP = 1

where wIP and xIP indicate the weight and position, respec-
tively, of the integration point IP, and NIP indicates the num-
ber of integration points in one element. The product wIPL is
the length of the integration point LIP. In the current study, the
Gauss-Lobatto integration scheme is used because the first and
last integration points always coincide with the end sections,
where the maximum bending moment is experienced in a
structural member without distributed loads.

In the present work, the fiber section model is used to define
the section response. Based on the application of the virtual
displacement principle, the section forces s(x) and the section
stiffness matrix k(x) are computed from the fiber responses.
The section flexibility matrix f (x) is obtained as the inverse of
k(x). Well-established uniaxial cyclic constitutive laws for
concrete and steel complete the element formulation. The Kent
and Park (1971) law is used for concrete behavior in com-
pression, and concrete is assumed to have no tensile strength.
The Menegotto and Pinto (1973) law is used for the reinforc-
ing steel. Finally, the force-based element has been imple-
mented in the general-purpose finite-element analysis program
FEAP (Taylor 1999).

LOSS OF OBJECTIVITY AT SECTION AND ELEMENT
LEVELS

To illustrate the numerical problems encountered in force-
based frame elements when plastic hinges form, we will con-
sider the case of a steel cantilever beam under an imposed
transverse tip displacement. A single force-based element is
used for the entire member. As the applied tip displacement
increases, a plastic hinge forms at the base, where the maxi-
mum moment occurs. Fig. 1 illustrates the response of the
force-based element for the cantilever beam with an elastic-
strain-hardening section behavior. Unloading is prescribed in
the final steps to clarify the peak displacement and curvature
demands. The base shear is plotted against the tip displacement
on the right, and the base curvature (that is, the curvature of
the first integration point) is shown on the left. The response
is objective at both the element and section levels for models
with four or more integration points. Three integration points
do not accurately integrate the element integrals; thus the stiff-
ness overprediction in the strain-hardening region.
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FIG. 4. Moment and Curvature Profiles for Elastic-Perfectly Plastic
Cantilever Modeled with Single Force-Based Element

FIG. 3. RC Beam-Column Modeled with Strain-Softening Section Re-
sponse

FIG. 2. Cantilever Beam with Elastic-Perfectly Plastic Section Re-
sponse

Fig. 2 shows the response of the same force-based element
to an imposed tip displacement with an elastic-perfectly plastic
moment-curvature behavior. Here, prediction of the element
force-displacement response remains objective while the peak
curvature demand varies with the number of integration points.
The loss of objective curvature prediction is due to the local-
ization of the inelastic curvature at the base integration point.
When this bottom section reaches the plastic moment, the col-
umn reaches its load-carrying capacity. As the tip displacement
increases, the curvature of the base integration point increases
with constant (plastic) moment, while all the other integration
points remain linear elastic and do not see any change in either
curvature or moment. The length of the base integration point
and thus the plastic hinge length becomes a function of the
number of integration points used. As the number of integra-
tion points increases, the plastic hinge length decreases and
the curvature demand in the base integration point must in-
crease to yield the same prescribed tip displacement. From
here the nonobjective section prediction of Fig. 2.

In the case of a softening moment-curvature response, the
loss of objectivity is more pronounced. Softening section re-
sponses may take place in RC columns or in RC bridge piers
that support a substantial dead load and are subjected to seis-
mic forces. Fig. 3 illustrates the response of a RC column
modeled with a single force-based element. Both the local base
section moment-curvature response and the global base shear-
displacement response lose objectivity. As the number of in-
tegration points increases from three to five, the length of the
first integration point decreases and increasing curvatures are
required to achieve the same prescribed tip displacement. The
concrete fiber compressive strains in the hinge region quickly

increase, resulting in rapidly degrading material stiffness. For
larger numbers of integration points, the postpeak response
becomes very brittle and snap-back may occur.

Fig. 4 shows the schematic bending moment and curvature
distributions for three, four, and five integration points along
the column height. This case refers to the elastic-perfectly
plastic section response of Fig. 2 and helps clarify the locali-
zation process in force-based elements. The point fp indicates
the plastic curvature when the plastic moment Mp is first
reached. Since equilibrium is strictly satisfied in the force-
based element, the bending moment remains linear. When the
plastic moment Mp is reached at the first (base) integration
point, the applied force cannot increase and the tip displace-
ment increases under constant applied load (and constant base
moment). Because the bending moment cannot increase be-
yond Mp, adjacent integration points remain elastic and the
inelastic curvature localizes at the first integration point. The
tip displacement is computed as the weighted sum of the cur-
vatures at the integration points, as expressed in (6b). The first
integration point has a finite length = w1 L proportionalLIP = 1

to its integration weight w1. The larger the number of integra-
tion points, the shorter the length of the first integration point
and the larger the curvature at the first integration point to
obtain the same tip displacement, as shown in Fig. 4.

In summary, it is the ability to capture a jump from elastic
to inelastic behavior that makes the force-based formulation
both attractive and prone to unique numerical problems. One
can observe that as the distance between the first (plastic) and
second (elastic) integration point varies, the response also var-
ies. This implies that the number and placement of the inte-
gration points not only influences the accuracy of the integra-
tion, but also the postpeak response. For hardening materials,
plasticity usually spreads beyond a single integration point,
and numerical problems are limited to a nonsmooth response
if too few integration points are used (Fig. 1). For perfectly
plastic and softening cross-section responses, the curvature
tends to localize at a particular integration point, and problems
with objectivity arise (Figs. 2 and 3).

PHYSICAL CHARACTERISTICS OF LOCALIZED
FAILURE IN CONCRETE

In order to introduce the proposed method for reestablishing
objectivity of the force-based element response, a brief dis-
cussion of the physical characteristics of concrete failure is
necessary. Concrete is a heterogeneous material prone to lo-
calized failure. In tension, failure is characterized by numerous
microcracks that bridge together to form a main crack. The
discontinuity induced by the crack opening basically prevents
stresses normal to the crack. The failure is termed localized
because material outside the fracture process zone remains
practically undamaged.

In compression, concrete failure is a different phenomenon.
Fig. 5 illustrates a typical laboratory test of a concrete cylinder
subjected to uniaxial compression. The test occurs under dis-



1260 / JOURNAL OF STRUCTURAL ENGINEERING / NOVEMBER 2001

FIG. 5. Uniaxial Compression Test under Displacement Control
FIG. 6. Kent-Park (1971) Stress-Strain Law and Compression Fracture
Energy

FIG. 7. Stress-Strain Curves with Constant Fracture Energy

placement control in order to capture the postpeak response of
the specimen. Region B in Fig. 5 corresponds to a region of
damaged concrete. Damage in this region, initially character-
ized by axial splitting, progresses until a sliding shear band
forms and the cylinder stiffness rapidly degrades. The stress-
strain curve in this damaged region enters the postpeak branch,
where a drop in stress is associated with increasing strains.
The concrete in regions labeled A in Fig. 5 is not severely
damaged and has not reached the peak strength. To maintain
equilibrium of axial force, the stress-strain response in regions
A unloads elastically.

The concrete cylinder can be idealized as a series system,
where one element (region B in Fig. 5) represents the weak
link. When region B reaches the peak strength and starts un-
loading, the concrete in regions A must unload in order to
maintain equilibrium. From these observations it is concluded
that concrete failure in compression, as with tension, occurs
in a localized manner and requires special attention in a nu-
merical model.

REGULARIZATION TECHNIQUES FOR
FORCE-BASED FRAME ELEMENTS

Constant Fracture Energy Criterion

The concept of constant fracture energy in tension is widely
used to regularize mesh-sensitive smeared crack displacement-
based elements in continuum finite-element analyses by,
among others, Bazant and Oh (1983) and Bazant and Planas
(1998). The concept is applied here to force-based beam ele-
ments that soften in compression. While the constant fracture
energy concept is not as widely accepted for compression as
it is for tension, recent experimental research (Jansen and Shah
1997; Lee and Willam 1997) and analytical investigations
(Markeset and Hillerborg 1995) show that the theory holds
true also for localization in compression. The main idea of the
regularization process is to assume that the uniaxial stress-
strain relation for concrete is supplemented by an additional
material parameter, the fracture energy in compression de-cG ,f

fined as

cG = s du (7)f iE
where s is the concrete stress and ui the inelastic displacement.
The integral represents the area under the postpeak portion of
the compressive stress-displacement curve. This relation mim-
ics the tensile fracture energy, with a superscript c to indicate
compression. To adapt the fracture energy concept to general
use, (7) may be cast in terms of stress and strain:

cG = h s dε = L s dε (8)f i IP iE E

where εi indicates inelastic strain and h is a length scale. For
smeared crack elements, h represents the size of a single ele-
ment in the crack band. For force-based frame elements, h
becomes the length of the softening integration point LIP.

Even though the proposed procedure is general, the regu-
larization is applied here to the Kent and Park (1971) law used
for the concrete fibers of the fiber section. The prepeak be-
havior is given by a parabola, followed by a linear postpeak
softening branch until a stress of 20% is reached at a pre-f9c
scribed strain labeled ε20. The residual strength is assumed to
remain constant for strains larger than ε20. The fracture energy
is defined here from the peak stress until the end of thef9c
softening branch (Fig. 6). This definition is similar to that of
Jansen and Shah (1997), where the fracture energy is defined
from the peak stress until 33% . It follows that ε20 must bef9c
calibrated to maintain a constant energy release. Assuming that

is known from experimental tests (Jansen and Shah 1997),cGf

(8), together with the definition of from Fig. 6, leads to thecGf

following expression for ε20:

cG 0.8 f 9f cε = 2 1 ε (9)20 00.6 f 9L Ec IP

where E is Young’s modulus and ε0 is the strain corresponding
to peak stress as indicated in Fig. 6.

Theoretically, (9) implies that the constitutive law must be
calibrated for each separate integration point in a structural
model. In practice, plastic hinges generally form at the element
ends where the extreme integration points lie. If all elements
in a model are integrated with the same scheme and number
of integration points, ε20 only varies for elements of different
length L. Linking the constitutive law to the element length is
a straightforward process.

As the number of integration points increases, the extreme
integration point must furnish larger inelastic strains to satisfy
the constant fracture energy criteria. This is equivalent to as-
suming a constant stress-displacement relation rather than a
constant stress-strain law, as shown in Fig. 7.

Curvature Postprocessing

Once the global force-displacement response is regularized,
in some cases there is still a need to postprocess the results to
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FIG. 8. Interior Beam Forming Plastic Hinges at Both Ends

obtain an objective prediction of the curvature demand in the
plastic hinge region. This is due to the fact that the plastic
zone length is the length of the first integration point and does
not necessarily correspond to the physical length of the plastic
hinge. As with the inelastic strains in a smeared-crack model,
the constant fracture energy criterion is insufficient for regu-
larization of the internal element deformations. Because dif-
ferent mesh sizes in a smeared-crack model must produce the
same crack opening displacements, the magnitude of inelastic
strains must vary. While the inelastic strains in a smeared-
crack solid finite element do not have any physical meaning
and can remain nonobjective, inelastic curvature demands may
be of particular interest in frame elements.

A simple procedure is presented here to obtain an objective
prediction of the true curvature demand on the member. Fig.
8 shows a deformed interior beam with plastic hinges forming
at both ends. The plastic rotation ui and the relevant displace-
ments di are indicated at the near (N) and far (F) ends of the
element. These are essentially fictitious quantities used to for-
mulate the curvature scaling law. The bending moment dia-
gram and the curvature profile corresponding to elastic-per-
fectly plastic behavior are also shown in Fig. 8. Inelastic
curvatures, indicated by fi, are concentrated at the extreme
integration points and spread over a length LIP.

The total curvature in the plastic hinge region can be sep-
arated into elastic and inelastic curvature components as f =
fe 1 fi. Considering the geometry of Fig. 8, the inelastic
hinge rotation is ui = fiLIP. Neglecting the elastic curvature in
the other integration points and using a small angle approxi-
mation for ui, the inelastic curvature can be approximated as

diMODELf > (10)i

L LIP
L 2IP S D2 2

where indicates the inelastic curvature that results fromMODELfi

the analysis. Substituting the actual length of the plastic hinge
Lp for LIP yields a similar approximation for the true curvature
demand

diPREDICTf > (11)i
LL p

L 2p S D2 2

where indicates the inelastic curvature demand basedPREDICTfi

on the assumed plastic hinge length Lp. Finally, the model
output can be scaled according to

MODELf = f 1 (scale factor)f (12)e i

where the scale factor is computed by solving for di in (10)
and substituting into (11) to obtain

2w L (1 2 w )IP IPscale factor = (13)
L (L 2 L )p p

The double-curvature case shown in Fig. 8 prevails in the
analyses of buildings under lateral loads. On the other hand,
some structural members such as cantilevers experience single
curvature, and the plastic hinge forms at one end only. Such
is the case of bridge piers subjected to seismic loads in the
transverse direction. The double-curvature derivation is readily
recast in terms of single curvature by replacing the L/2 term
in the denominator of (10) and (11) with the full length L.
Taking this single-curvature approach results in

2w L (2 2 w )IP IPscale factor = (14)
L (2L 2 L )p p

From the previous discussion, it appears that if the length
of the first integration point corresponds to the length of the
plastic hinge, that is, if LIP = Lp, no postprocessing of the
curvature is needed because the curvature is objectively pre-
dicted by the element. One might then suggest selecting the
number of Gauss-Lobatto integration points in such a way that
LIP > Lp. This may cause two problems: (1) the number of
integration points may be too small for short elements (causing
undesirable reduced integration) or too large for long elements
(increasing the computational cost of the element); and (2) in
most cases, the length of the element would also have to be
adjusted, thus introducing an additional element in each mem-
ber. This greatly increases the computational cost of the anal-
yses.

Different integration schemes in which the user can define
the length of the integration points would also solve the issue,
but would significantly compromise the accuracy of the nu-
merical integration. The regularization approach described in
this paper is general and does not affect either the element
formulation or the integration scheme.

APPLICATIONS

Three applications of the proposed regularization technique
will be discussed here. The first is an RC frame with different
section behaviors; the second illustrates an RC bridge pier un-
der constant axial load and increasing transverse tip displace-
ment; and the third discusses the test and analytical results of
an overreinforced RC simply supported beam.

RC Frame Building

An RC frame is shown in Fig. 9. The beams were designed
sufficiently underreinforced and the columns have relatively
low axial loads, so that the sections do not show softening
responses. The frame is subjected to a monotonically increas-
ing displacement at the top story, with unloading prescribed
in the final steps. Unloading clarifies the peak curvature de-
mand in the plastic hinge regions. A single force-based ele-
ment is used for each structural member.

In the first analysis, the elastic modulus of the steel is E0 =
200,000 MPa, with a strain-hardening ratio of 20%. Fig. 10
summarizes the frame response. The plastic hinge regions are
indicated at the final time step and the moment-curvature his-
tory is plotted for a typical beam hinge. The global force-
displacement response is objective and omitted for brevity.
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FIG. 9. RC Frame under Applied Displacement

FIG. 10. Response of Six, Seven, and Eight Integration Point (IP)
Models with Elastic-Strain Hardening Reinforcing Steel (E1 = 0.2 E0)

FIG. 11. Response of RC Frame with E1 = 0

FIG. 12. Regularized Moment-Curvature Response with E1 = 0 FIG. 13. Softening RC Bridge Pier

The analysis is carried out with six, seven, and eight Gauss-
Lobatto integration points. A large number of integration
points are used to capture the spreading of inelasticity as strain
hardening occurs. As expected, the moment-curvature re-
sponse is objective: the peak curvature demand remains prac-
tically constant as the number of integration points varies.

The frame is then reanalyzed with E0 = 200,000 MPa and
zero strain-hardening ratio; that is, the steel is assumed elastic-
perfectly plastic. The overall response remains objective for
six, seven, and eight integration points, but Fig. 11 shows that
the inelastic curvature does not spread but remains localized
at the extreme integration points. The moment-curvature his-
tory demonstrates a severe loss of objectivity. To regularize
the local response, the curvature output for a typical beam
hinge is scaled according to (13). Paulay and Priestley’s (1992)
estimate is used for the plastic hinge length:

L = 0.08L 1 0.022 f d (kN, mm) (15)p y b

The length L in (15) is taken as half the total member length
(or 2 m) because the beams are under double curvature; fy is
420 MPa, and db is 25 mm. This gives Lp = 390 mm. The
weights wIP of the first and last integration points in the Gauss-
Lobatto integration scheme area 0.0333, 0.0238, and 0.0179
for six, seven, and eight integration points, respectively. The
curvature scale factors are computed as 0.366, 0.264, 0.200
for six, seven, and eight integration points, respectively. Fig.
12 shows the moment-curvature response for the same inte-
gration point of Fig. 11 after the regularization is applied.

RC Bridge Pier

Tanaka and Park (1990) describe a series of tests on RC
cantilever columns with constant axial load and cyclic tip dis-
placement. The test arrangement approximates the behavior of
bridge piers subjected to earthquake ground motion. The ge-
ometry of one of these specimens, labeled specimen 7, and
the reinforcement arrangement are shown in Fig. 13 and are
given by Taylor et al. (1997). The overall monotonic and cy-
clic experimental response is not of interest in this study, but
the column provides an ideal example for showcasing the pro-
posed regularization technique.

A single force-based element is used to model the column.
For the reinforcing steel, the initial modulus of elasticity is E0

= 200,000 MPa, with a strain-hardening ratio of 1%. Because
of the considerable axial load, the overall column behavior
enters the postpeak region and shows strain softening. For con-
crete, the Kent-Park (1971) law of Fig. 6 is used with = 39f9c
MPa and ε0 = 0.0024 mm/mm. In a first analysis, ε20 is taken
as constant at 0.0248 mm/mm. The analysis is carried out with
four, five, and six integration points. This example focuses on
the force-displacement response shown in Fig. 14. The first
analysis results in force-displacement curves that are extremely
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FIG. 14. Force-Displacement Response of Softening Beam-Column

FIG. 17. Nonobjective Response of Overreinforced Beam

FIG. 16. Numerical Models for Overreinforced Beam: (a) Uniform
Softening over One Element; (b) Strain Localization at One Section

FIG. 15. Overreinforced Beam: (a) Four-Point Bending Test; (b) Nu-
merical Model

brittle. This is because inelastic curvature localizes in the first
integration point, resulting in rapidly increasing strains in the
extreme fibers as the test enters the postpeak region.

To regularize the force-displacement response, the com-
pressive fracture energy must be estimated. Cylinder tests of
plain concrete usually give fracture energy values of 20 to 30
N/mm. Concrete well confined by steel hoops may have a
much higher apparent fracture energy. The compressive frac-
ture energy is here assumed equal to 180 N/mm or about six
times that of plain concrete. The constant fracture energy cri-
terion is enforced by adjusting the softening slope of the
stress-strain law for concrete according to (9), from which ε20

is found equal to 0.0573, 0.0946, and 0.1410 mm/mm for the
four, five, and six integration point schemes, respectively. Re-
running the analysis with the adjusted stress-strain laws gives
the regularized response indicated in Fig. 14.

Overreinforced Concrete Beam

The two previous examples encompass practical applica-
tions of the proposed regularization techniques. A third ex-
ample is presented here to explore a popular topic in the re-
search community that concerns an overreinforced beam used
for a round-robin numerical test (Ulfkjaer et al. 1997; Ulfkjaer
1998). The test was initiated by the RILEM Technical Com-
mittee 148 SSC (Ulfkjaer et al. 1997) to investigate whether
current modeling techniques, in combination with standard test
data, are sufficient to predict the strain-softening behavior of
concrete in compression. The study of this overreinforced
beam with a clear postpeak response initially attracted the
writers to studying the problem of localization in force-based
elements. The beam, shown in Fig. 15, is subjected to a four-
point bending test that induces a constant moment in the mid-
dle third of the beam. Adequate stirrups are provided to pre-
vent shear failure.

Fig. 16(a) shows a first mesh used to model the overrein-
forced beam. Because the moment is uniform between the
loads, the extreme compression fiber is uniformly compressed
in this region. As the beam reaches peak loading, sections (1),
(2), and (3) soften uniformly. This is not only inconvenient,
since the constant fracture energy criterion is formulated for a
single softening integration point, but it is also physically in-
accurate. Due to local imperfections and nonuniformities,
damage localizes over a limited length. Fig. 16(b) shows a
revised model of the overreinforced beam where the middle
integration point is assumed to have a slightly lower concrete
compressive strength. This triggers strain localization at the
weak integration point, which softens while adjacent sections
unload to maintain equilibrium.

Assuming a constant value for the softening slope of the

stress-strain curve leads to the nonobjective results shown in
Fig. 17. Because the analysis takes place under symmetric dis-
placement control, an odd number of integration points must
be used to permit a symmetric failure mode (softening at the
middle integration point). The response is regularized by en-
forcing the constant fracture energy criterion at the weak sec-
tion. Taking = 20 N/mm for unconfined concrete (basedcGf

on the recommendation by Jansen and Shah 1997) results in
the force-displacement response shown in Fig. 18 for the
model with three integration points at the innermost element.
Identical results are obtained with five and seven integration
points. The analytical response is superimposed to the experi-
mental data on three identically designed beams. The experi-
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FIG. 18. Overreinforced Beam: Regularized Force-Displacement Re-
sponse

mental results show the difficulties encountered in running
such a brittle test, as well as a wide scatter in both the peak
load and postpeak responses.

SUMMARY AND CONCLUSIONS

Force-based frame elements offer an accurate and compu-
tationally efficient approach to nonlinear frame analysis be-
cause the elements are exact within the framework of the clas-
sical beam theories. The main advantage of force-based
elements is the ability to model material nonlinearity using a
single element per structural member. The numerical integra-
tion of the element integrals leads to deformation localization,
typically observed at the end integration points where the
bending moments reach their maximum. While the above is-
sues are general, this paper deals mostly with RC structures.
Three general cases are considered:

• Strain-hardening section response. No localization prob-
lems manifest in this case, but a sufficient number of in-
tegration points is necessary to guarantee accurate inte-
gration and a smooth spreading of inelastic curvature
along the member and to avoid abrupt stiffness changes
in the response.

• Perfectly plastic response. Sensitivity to the number of
integration points is observed in the postyield phase. De-
formations localize at the extreme integration points, re-
sulting in a nonobjective curvature prediction that de-
pends on the number of integration points. A simple
remedy based on geometric relations is proposed to reg-
ularize the curvature demand.

• Strain-softening section response. Loss of objectivity is
observed in both the section moment-curvature response
and in the element force-displacement response. Enforc-
ing the constant fracture energy criterion in the compres-
sion postpeak region regularizes the element response.
The proposed stress-strain scaling follows regularization
techniques used in smeared crack finite elements. Similar
to perfectly plastic sections, geometric regularization of
the curvature is also needed after the nonlinear analysis
is performed.

The proposed regularization technique for softening sections
requires knowledge of the compression fracture energy for the
concrete used in the structure, both unconfined and confined.
This parameter supplements the concrete stress-strain relation
to maintain a constant stress-displacement relation in the post-
peak. For the application of the curvature regularization pro-

cedure, the plastic hinge length is computed from empirical
equations available in the published literature.

The validity of the proposed regularization technique is
shown through three applications, one to an RC frame where
plastic hinges form in some members, the second to an RC
bridge pier that shows a strain-softening response, and the
third to an overreinforced beam characterized by a very brittle
postpeak response due to crushing of the concrete in com-
pression. In all three cases, the proposed regularization tech-
niques lead to objective results.

This paper advances the applicability of force-based frame
elements by identifying their peculiar strain-localization char-
acteristics, which are different from better-known displace-
ment-based solid finite elements. The numerical robustness of
the force-based elements has been shown in a number of
publications, even in softening members. Establishing simple
but efficient regularization procedures is fundamental for the
application of force-based elements to performance-based de-
sign of structures, where an objective prediction of the mem-
ber and section responses is required to compare the predicted
structural response to the limit deformations at different per-
formance levels.
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