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Abstract

This paper presents a hypoplastic model for three-dimensional analysis of concrete structures under monotonic, cyclic, proportional
and non-proportional loading. The constitutive model is based on the concept of equivalent uniaxial strains that allow the assumed
orthotropic model to be described via three equivalent uniaxial stress–strain curves. The characteristics of these curves are obtained
from the ultimate strength surface in the principal stress space based on the Willam–Warnke curve. A cap model is added to
consider loading along or near the hydrostatic axis. The equivalent uniaxial curve is based on the Popovics and Saenz models. The
post-peak behavior is adjusted to account for the effects of confinement and to describe the change in response from brittle to
ductile as the lateral confinement increases. Correlation studies with available experimental tests are presented to demonstrate the
model performance. Tests with monotonic loading on specimens under constant lateral confinement are considered first, followed
by biaxial and triaxial tests with cyclic loads. The triaxial test example considers non-proportional loading. 2000 Elsevier Science
Ltd. All rights reserved.
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1. Introduction

Concrete is a non-homogeneous, anisotropic material
whose response is nonlinear even under small stress lev-
els. Furthermore, concrete exhibits a different behavior
under tension and compression stresses. In compression,
the response hardens up to a peak stress value that
depends on the level of lateral confinement. The post-
peak behavior depends in general on the level of lateral
confinement [18] Under low confinement, the post-peak
response is brittle softening. For increasing confinement
stresses, the response of concrete changes to ductile
hardening [10,18]. Under tensile stresses, concrete
cracks and eventually loses strength entirely.

Experimental test programs have been conducted to
study the behavior of concrete under triaxial states of
stresses [8,9,12,17,20,22]. These tests are difficult to per-
form because of the generally unstable response of the
specimens near or after the peak. Displacement-con-
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trolled tests are used to partially circumvent this prob-
lem. Furthermore, because of the concrete sensitivity to
the lateral confinement, the response of the cylindrical
specimens typically used in tests is highly dependent on
the restrain conditions at the end faces.

The response of concrete to triaxial states of stress
greatly depends on the formation and expansion of
microcracks [22]. Several test programs have shown that
the evolution of the microcracks governs the concrete
brittleness, ductility, dilatancy and failure modes. All
these phenomena depend in general on the triaxial state
of stress applied to the concrete. Under low lateral con-
finement, the failure mode observed in uniaxial com-
pression tests is caused by vertical tension splitting. A
sharp post peak loss of strength is observed. Under
gradually larger confinement, cracking and damage
become more distributed and concrete becomes ductile,
with little or no post-peak degradation.

The complex nonlinear behavior of concrete makes it
a difficult material to model. In spite of the widespread
interest in modeling of concrete under three-dimensional
states of stresses, few models are available for immedi-
ate and simple numerical implementation in finite
element codes. Models developed to date range from
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very sophisticated laws based on plasticity theory that
rely on the definition of a plastic flow rule and on the
separation of the deformation increments into plastic and
elastic components, to simpler models based on phenom-
enological rules. The concrete models proposed to date
include laws based on nonlinear elasticity, plasticity,
endochronic plasticity, microplane theory, damage and
fracture mechanics, just to cite a few examples.

The application of the concrete constitutive law to the
3D finite element analysis of concrete and reinforced
concrete structural elements and subassemblages
necessitates the availability of models that are both
mechanically justified and computationally robust. Mod-
els should be able to simulate the most important charac-
teristics of the monotonic and cyclic response of concrete
under triaxial states of stresses, while maintaining a cer-
tain computational simplicity to allow analyses of struc-
tural elements with reasonable computational efforts.
These requirements have led the authors to the develop-
ment of a 3D model that relies on the concept of equival-
ent uniaxial strains. The proposed model is orthotropic,
with the axes of orthotropy parallel to the principal stress
axes. The model has also been called hypoplastic, from
the definition given by Kolymbas [11].

2. 3D concrete model

It is commonly accepted that concrete can be modeled
as an initially isotropic material with stress-induced ani-
sotropy. The proposed 3D constitutive law uses an ortho-
tropic model with the axes or orthotropy parallel to the
principal stress directions. Principal strain and principal
stress directions are not coaxial. The model is based on
the concept of equivalent uniaxial strains introduced by
Darwin and Pecknold [6], Bashur and Darwin [2] and
Elwi and Murray [7]. With respect to the orthotropic
axes the incremental constitutive equation is written:

ds5C0 de (1)

where ds and de are the stress and strain increments,
respectively, andC0 is the following material matrix:

C0 (2)

5
1
V3

E1(1−n23n32) E1(n21+n23n31) E1(n31+n21n32) 0 0 0

E2(n12+n13n32) E2(1−n13n31) E2(n32+n12n31) 0 0 0

E3(n13+n12n23) E3(n23+n13n21) E3(1−n12n21) 0 0 0

0 0 0 G12V 0 0

0 0 0 0 G23V 0

0 0 0 0 0 G31V

4
wherenij is the transverse strain ratio for strain in thej
direction caused by stress in thei direction (i, j=1, 2,
3); V=12n21n122n31n132n32n232n12n23n312n21n32n13;
Ei is the material modulus in thei direction of orthotropy
(i=1, 2, 3); andGij is the shear modulus in thei–j plane.

Because the shear moduliGij (i, j=1, 2, 3) must be
invariant under an arbitrary coordinate transformation of
the reference system, Lekhnitskii [13] has shown that
the shear moduli are:

Gij 5
EiEj

Ei(1+nij )+Ej (1+nji)
(3)

In a finite element setting, the incremental stress–
strain relation with respect to the orthotropic axes must
be rotated into the global reference system. This is done
by using the rotation matrixT that contains the direction
cosines of the orthotropic axes with respect to the global
reference system:

C5TTC0T (4)

whereC is the material matrix in the global reference
system.

3. Equivalent uniaxial strain

The equivalent uniaxial strain is a fictitious strain with
no precise material meaning. It is used to de-couple the
3D material response into three uniaxial constitutive
laws. Darwin and Pecknold [6] first introduced the con-
cept. For given principal stressessPi, the equivalent uni-
axial strainseui are the strains that would induce the
same stresses on the equivalent uniaxial stress–strain
curves. The material parameters that define the equival-
ent uniaxial stress–strain curves depend on the current
stress ratio, as discussed later in the paper. The equival-
ent uniaxial strainseui are typically derived from the fol-
lowing incremental law:

deui5
dsPi

Ei

(5)

where dsPi are the increments of the principal stresses
and Ei is the material modulus. The above incremental
relation can be written in terms of total increments (Ei

is the secant modulus), step increments (Ei is the
incremental secant modulus), or infinitesimal increments
(Ei is the tangent modulus). In the current implemen-
tation of the model, the strain increment is the total strain
from the last load reversal, thus the total secant modulus
is used. The total equivalent uniaxial strain is defined as
the integral of the incremental strains deui:

eui5Edeui (6)

In practical applications, the infinitesimal increment deui

is substituted by a finite incrementDeui, and

eui=ODeui.

It is important to note that neither incremental nor
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total equivalent uniaxial strains transform in the same
manner as real strains. They are fictitious strains defined
in the current principal stress directions. If Eqs. (1) and
(5) are compared, the equivalent uniaxial strain
increments deui can then be related to the true strain
increments in the current orthotropic axes [7,1]. Eq. (1)
can be rewritten in the form:

5
ds1

ds2

ds3
65EH5

de1
de2
de3
6 (7)

or

5
ds1

ds2

ds3
65E5

deu1

deu2

deu3
6 (8)

with:

E53
E1 0 0

0 E2 0

0 0 E3
4

H53
(1−n23n32)/V (n21+n23n31)/V (n31+n21n32)/V

(n12+n13n32)/V (1−n13n31)/V (n32+n12n31)/V

(n13+n12n23)/V (n23+n13n21)/V (1−n12n21)/V
4

5
deu1

deu2

deu3
65H5

de1
de2
de3
6

Even though the above definition of the equivalent uni-
axial strain increments is often used for theoretical pur-
poses in presenting the concept of equivalent uniaxial
strains, the equivalent uniaxial strains are typically com-
puted based on Eq. (5).

4. Ultimate strength surfaces and current material
strength

As previously discussed, the uniaxial stress–strain
curves are used to define the current material properties,
in particular the current stresses and the material moduli.
The stress–strain curves are functions of the peak
stressesfci and the corresponding strainseci, where the
subscripti indicates the three principal stress directions.
fci and eci are defined by two ultimate envelopes, one
in the principal stress space, the other in the equivalent
uniaxial strain space. The ultimate stress and strain sur-
faces, as well the procedure to determine the current
peak stress and the corresponding strains are discussed
hereafter.

The ultimate stress surface defines the ultimate stress
values fc1, fc2, fc3 for a given principal stress ratio
sP1/sP2/sP3. These are not failure points, but rather com-
binations of maximum stress values. The ultimate stress
surface of concrete used in this work is a modification
of the five-parameter surface of Willam and Warnke
[21]. The modified surface is shown in Fig. 1 and is
described by the following equation:

t201A1t0Î2
r(e, j)1s021B50 (9)

wherer(e, j) is the polar radius as defined by Menetrey
and Willam [14]:

r(e, j)5
ah2+b2

ah+bÎa(h2−1)+b2
(10)

with

A5
f2

c−f 2
t

9fc
(21a); B52

2fcft
9

Fig. 1. Concrete ultimate surface with cap model in the Rendulic
plane.
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and wherea=ft/fc is the material brittleness,fc, ft are the
uniaxial compression and tensile strength, respectively,
and a=12e2, b=2e21, h=2 cos(j).
j=1

3 arccos[(3√3/2)(J3/(J2)3/2)] is the Lode angle of orien-
tation of the stress-point in the deviatoric plane withJ2

andJ3 being the second and third invariant of the devi-
atoric stress tensor.e is the eccentricity [14] that defines
the out-of roundness of the deviatoric section of the fail-
ure surface and is expressed in terms of the material
brittlenessa as:

e5
2+a
4−a

(11)

The polar radius in Eq. (10) defines the form of the
ultimate surface in the deviatoric planes0=const. For
0.5#e#1.0 it describes a smooth convex (elliptical)
curve, as depicted in Fig. 1.

The compression (j=60°) and the extension (j=0°)
meridians of the ultimate surface are shown in Fig. 1 on
the Rendulic plane. These sections are parabolic curves,
which pass through a set of characteristic points, namely
the points of uniaxial compression and tensile strength
(fc, ft, respectively), the point of biaxial compression

strength (defined asfcc=
fc
4
[(12a2)+√(1−a2)2+16]), and

the point of equi-triaxial extension (defined asf0=2
B/A=2ft/[(12a2)(2+a)]).

In order to account for the material strain hardening
and the strength limits under tri-axial compression, a cap
surface is introduced, that is described by the follow-
ing equation:

t(s0, j)5tc
1

r̄(e, j)
(12)

where r̄(e, j) is the polar radius defined by Eq. (10),
with e being the eccentricitye=tt/tc. The parameterstc
andtt represent the interceptions between the cap surface
and the compression (j=60°) and the tension (j=0°)
meridians, respectively (Fig. 1). These curves are func-
tions of the hydrostatic stress and are defined by the fol-
lowing quadratic equations:

tc=h[(tcc+bc)2+a2
c]−[s0+(fh+ac)]2j1

2−bc

tt=h[(tct+bt)2+a2
t ]−[s0+(fh+at)]2j1

2−bt

J (13)

where

bc5
f 2

hc−2tccfhckc−tc
2

c

2(fhckc+tcc)
, ac5(tcc1bc)kc

fh is the hydrostatic pressure at which the cap surface
touches the failure surface,fhc is the parameter specified
in Fig. 1, tcc, tct are the octahedral shear stresses at the
points where the cap compression and tension meridians,
respectively, touch the corresponding failure surface

meridians andkc, kt are the slopes of the failure surface
compression and tension meridians, respectively, at the
point where the cap surface touches the failure surface.
Fig. 1 shows the compression and extension meridians
of the cap surface as well as the parameters that appear
in the definitions of Eq. (13).

The determination of the current concrete strength
values fc1, fc2 and fc3 is based on the ultimate strength
surface in Eq. (9) and is defined as follows. If a point
Mc(s1, s2, s3) on the loading trajectory in principal
stress space represents the current stress state of the
material in Fig. 2(a), then a line that extends from the
origin through the current stress point penetrates the ulti-
mate strength surface at pointMr(fc1, fc2, fc3). When load-
ing reversal takes place, the origin is shifted to the point
defined by the three principal stresses at the point of
reversal.

In a similar manner, the ultimate surface in the equiv-
alent uniaxial strain spaceeu1, eu2 andeu3 is used for the

Fig. 2. Definition of current material strength and softening para-
meters.



337T.A. Balan et al. / Engineering Structures 23 (2001) 333–342

determination of the current ultimate equivalent uniaxial
strainsec1, ec2 and ec3. It is postulated that there is a
surface in the equivalent uniaxial strain space that has
the same shape as the ultimate strength surface [5,7].
This surface is based on Eq. (9), wheres0 is substituted
by e0=(eu1+eu2+eu3)/3, t0 by g0=[(eu12eu2)2+(eu22
eu3)2+(eu32eu1)2]1

2/3, fc by ec and ft by et.

5. Uniaxial stress–strain envelopes

The concrete constitutive laws based on the equivalent
uniaxial strain concept proposed to date use the uniaxial
constitutive law proposed by Saenz [16] to describe the
response of concrete in compression. This curve is very
convenient because a unique equation describes both the
ascending and the post-peak softening response. The law
is defined by the initial stiffnessE0, the peak pointec,
fc and a post-peak pointef, ff that determines how rapidly
the material softens. The constitutive equation is:

s5fc

KS eecD
1+AS eecD+BS eecD

2

+CS eecD
3

(14)

where the following notation is used

K5E0

ec
fc

Ke5
ef
ec

Ks5
fc
ff

A5C1K22 B5122C C5K
(Ks−1)
(Ke−1)2

2
1
Ke

Eq. (14), however, works well only ifE0/Ec$2
(whereEc=fc/ec), that is when the secant modulus at the
peak point is no larger than half the initial modulusE0.
If this condition is not satisfied, then the curve has a
double curvature between the origin and the peak point,
that causes the material stiffness to initially increase
before returning toE0 and eventually decreasing. This
problem can be partially corrected [4] by freezingE0/Ec

to a maximum value of 2, independently of the actual
modulus ratio.

In the present work a different approach is followed.
Two curves are used to describe the material response
in uniaxial compression. The curve proposed by Popov-
ics [15] describes the ascending branch up to the peak
point, while the curve of Saenz [16] is used for the post-
peak response. This approach avoids any limitation in
the curve definition, while retaining the continuity and
smoothness of the response in the pre- and post-peak
ranges. Popovics’ curve is defined by the following equ-
ation:

s5fc

KS eecD
1+(K−1)S eecD

r
(15)

where the exponentr=K/K21.
Eqs. (14) and (15) define the material response in uni-

axial compression. Similar equations are defined in ten-
sion, with initial stiffnessE0 and peak pointet, ft. The
monotonic compression and tension envelopes are
shown in Fig. 3.

The uniaxial law is used to compute the material
response in the three principal stresses–equivalent uniax-
ial strains directions. The values of the peak pointseci,
fci (i=1, 2, 3) are computed from the ultimate strength
curves previously defined, based on the current principal
stress and equivalent uniaxial strain ratios. On the other
hand, the definition of pointseti, fti that control the post-
peak response of the stress–strain envelope is not poss-
ible on a rigorous experimental base because of the test-
dependency of the post-peak branch [7,20,9]. However,
instead of the approach by Balan et al. [1], the stressfr
of the post peak point is assumed to depend onfc, which
increases with the level of lateral confinement. Based on
a number of experimental results, the following
expression was implemented:

er54ec, fr5fcS52
fc
fc9
D fc

fc9
#4.3 (16)

The above equation models the experimentally observed
shift from brittle to ductile behavior in axially loaded
specimens under increasing lateral confinement.

6. Poisson ratio

The definition of the transverse strain rationsnij in Eq.
(2) is an important step in the formulation of the concrete
law. It is typically assumed [5] that Poisson’s ration for

Fig. 3. Monotonic uniaxial strain curve in tension and compression.
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concrete ranges between 0.15 and 0.22. However, it has
been experimentally observed that the apparent Pois-
son’s ratio is constant only for uniaxial stresses smaller
than approximately 80%fc9. As the peak strength is
approached, Poisson’s ratio increases and becomes even
larger than 0.5 in the crushing phase. This dilatancy
phenomenon is due to the growth of unstable micro
cracks near and after the peak stress.

The following expression is used in the proposed
constitutive law to define the transverse strain ratios:

nij 5!nuinuj

Ei

Ej

(17)

where nui is the uniaxial transverse strain ratio in the
direction i. The above definition ofnui guarantees sym-
metry ofC0 in Eq. (2). The following expression is used
to definenui:

nui5n0F11
1
Kn
HAiSeui

eci
D1BiSeui

eci
D2

1CiSeui

eci
D3JG (18)

wheren0 is the initial Poisson’s ratio,Ai, Bi, Ci are the
same parameters as used in Eq. (14) withKi=1/2n0 and
Kn defined as:

Kn5
E0eci

2fci

Eq. (18) is similar to the cubic expression defined by
Elwi and Murray [7] and later used by Balan et al. [1].
The Kn coefficient has been added here to preventV
in Eq. (2) from approaching a zero value or becoming
negative. The limit value ofV=0 describes an incom-
pressible material and creates serious numerical prob-
lems in the finite element implementation of the consti-
tutive law.

7. Cyclic behavior

The complete implementation of the proposed consti-
tutive law necessitates the definition of the cyclic
behavior under an arbitrary load history. Following
Balan et al. [1] the loading/unloading criterion is based
on the definition of the following loading function:

f5!e
2
u1+e2u2+e2u3

e2c1+e2c2+e2c3
(19)

whereeui andeci are the equivalent uniaxial strains and
ultimate strains, respectively. Iffmax is the maximum
value of the loading function up to the current load step,
the loading and unloading conditions are:

f.fmax loading

f#fmax unloading

The above loading and unloading conditions complete

the definition of the constitutive law. Unlike the law
presented by Balan et al. [1] no special rules have to be
established to define the material post-peak behavior
after compression crushing or the post-peak behavior
after cracking in tension. The expression forC0 in Eq.
(2) is used for any loading or reloading conditions, using
the current material parameters derived from the uniaxial
constitutive laws in the principal stress directions. This
leads to a much simpler numerical implementation of
the material model and avoids some of the numerical
convergence problems encountered with the original
model [1], in particular under non-proportional loading
conditions. Every time unloading takes place, the origin
of the incremental law is shifted to the last reversal point.

8. Behavior of 3D constitutive law

The 3D constitutive law has been implemented in the
finite element program FEAP [19] as a stand-alone rou-
tine (driven by a material driver that allows both stress,
strain and mixed loading) and in commonly used for
solid finite elements. The constitutive law is entirely
based on the de-coupling of the principal stresses and
equivalent uniaxial strains. The major difference with the
model previously presented by Balan et al. [1] is that no
special provision is taken for post-peak behavior after
crushing in compression or cracking in tension. The con-
tinuous equivalent uniaxial laws entirely govern the
material response, based on the incremental secant
constitutive law given by Eq. (2). The principal stress
axes are allowed to rotate and are not coaxial with the
principal strains. Bouzaiene and Massicotte [4] (who
assume that the axes of orthotropy are parallel to the
principal strain axes) comment on the numerical advan-
tages of assuming the axes of orthotropy to be parallel
to the principal directions (either stress or strain). Arbi-
trarily oriented orthotropic axes would greatly compli-
cate the formulation of the constitutive law, whose main
advantage is indeed its simplicity and conciseness.

Some authors have argued that orthotropic models are
not invariant. This implies that the same load history
applied under a different set of reference axes would
yield different results, in particular different principal
strains and different strain directions. This possible
shortcoming is discussed at length in Bazant [3], where
specific examples are presented to illustrate the lack of
invariance. Bazant [3] asserts that only when the princi-
pal stresses are parallel to the principal strains (which
leads to a unique expression of the shear moduli) is the
model tensorially invariant and hence fully consistent.
Bouzaiene and Massicotte [4] follow this approach.

The authors have reproduced the same examples of
Bazant [3] and several more and have found that the
model proposed in this study is tensorially invariant and
hence fully consistent. The main reason for the consist-
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ency of the proposed orthotropic model lies in the fact
that even though the model is incremental, the total
secant form of the material matrixC0 is used in the
constitutive law of Eq. (1). Also, the transformation
matrix T in Eq. (4) is the rotation matrix between the
current orthotropic axes and the total reference system.
With the proposed model, consistent stress and strain
rotations lead to identical results, independently of the
set of reference axes, for applied stresses of different
magnitude up to the peak response.

9. Model verification

To establish the validity of the material model, corre-
lation studies between analytical results and experi-
mental tests are presented hereafter for concrete speci-
mens under triaxial loading conditions. All the results
were obtained using the finite element program FEAP
[19]. Some of the results were obtained with an eight-
node brick element, others using a constitutive driver for
3D constitutive laws that can apply stress-, strain- and
mixed-control loading histories.

The first application is a series of uniaxial tests under
constant lateral confinement conducted at the University
of Colorado, Boulder [18]. The main scope of these tests
was to show the transition of the concrete behavior from
brittle-softening to ductile-hardening as the lateral con-
finement increases. The experimental and analytical
results in the vertical loading direction are shown in Fig.
4. The unconfined material properties used for the analy-
ses werefc=5.0 ksi, ft=0.5 ksi, E0=2400 ksi, n0=0.2,
ec=0.004,et=0.0002. The values ofslat, the constant lat-
eral compressive stress, are indicated, for the different
tests in Fig. 4. The above-mentioned transition between
brittle and ductile is clear in both experimental and ana-
lytical results. In order to obtain good correlation with
the original results by Smith et al. [18] two aspects of
the constitutive law must be carefully selected. One is

Fig. 4. Monotonic confined compression tests by Smith et al. [18].

the cap model, the other the post-peak behavior para-
meters. As the lateral confinement increases, the loading
direction moves closer to the hydrostatic axis, thus the
ultimate strength concrete parameter used in the equival-
ent uniaxial laws are selected from the cap surface. As
for the post-peak behavior, this is governed by the pos-
ition of point er, fr in Fig. 3. This point, fixed in the
original work by Balan et al. [1], is a function of the
peak stressfc according to the formula of Eq. (16).

Hurlbut [8] extended the work by Smith et al. [18] to
cyclic confined compression tests. The experimental and
analytical results for three different tests are shown in
Fig. 5. The three cases refer to different levels of lateral
confinement,slat=0, 0.1 and 1 ksi, respectively. The
unconfined concrete material properties used for the
analyses werefc=2.77 ksi, ft=0.28 ksi, E0=2400 ksi,
n0=0.2,ec=0.00235,et=0.00014. The correlation between
analytical and experimental results is good. The model
is able to represent the changes in peak stress and strain
and the effects of confinement in the post-peak range.
The adopted scheme for unloading and reloading also
leads to good correlation in the partial unloading–
reloading cycles. Some of the discrepancies in the results
are due to the procedure followed in the numerical tests.
Mixed control was used to trace the stress histories, with
imposed axial displacements and constant lateral confin-
ing stresses. Fig. 6 shows the experimental and analytical
results for the biaxial compression tests conducted by
van Mier [20]. This is a case of proportional biaxial load-
ing, with s3=0 and s1/s2=10. The material properties
used for the analyses werefc=7.2 ksi,ft=0.5 ksi,E0=3700
ksi, n0=0.2,ec=0.0034,et=0.0002. Experimental and ana-
lytical results match well, especially in the loading direc-
tion e1, s1. The discrepancy in the unconfined direction
3 is due to the limit value of the Poisson ratio. In order to
assure numerical convergence,n is limited to 0.5, while
experimental results show values of the apparent Poisson
ratio larger than 1, due to the opening of large vertical
cracks [12]. Furthermore, the experimental results show
a somewhat puzzling response in direction 3 for low
stresses. The specimen first appears to contract in the
unconfined direction 3, and then changes this tendency
and starts expanding very rapidly. This seems to indicate
a measurement error or other boundary effects that can-
not be captured by the analytical model.

Finally, an example of triaxial non-proportional load-
ing is presented. This is an important test, since the most
demanding stress histories in concrete analyses are those
with non-proportional loading. The test results are part
of the extensive experimental results conducted at the
University of Colorado, Boulder by Scavuzzo et al. [17].
The material properties used for the analyses werefc=3.5
ksi, ft=0.3 ksi, E0=3500 ksi, n0=0.2, ec=0.00215,
et=0.0002. Fig. 7(a) shows the loading path in the princi-
pal stress space as a function of the applied loading step.
The specimen was first loaded along the hydrostatic axis
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Fig. 5. Cyclic confined compression tests by Hurlbut [8]: (a) load–
displacement response for compression without confining pressure; (b)
load–displacement response for compression with 100 psi confining
pressure; (c) load–displacement response for compression with 1000
psi confining pressure.

up to s0=26 ksi. The stresses were then modified by
cyclic loading on the corresponding deviatoric plane.
The results are illustrated in Fig. 7(b–d). The correlation
between experimental and analytical results is good even
for such a complex loading history. The analytical
results were obtained using stress-control, and since the
specimen shows an almost perfectly plastic response, the
response is very sensitive to even small stress changes.
This explains the difference in strain prediction between
analytical and experimental results.

Fig. 6. Biaxial test by van Mier [20].

10. Conclusions

The general formulation of a three-dimensional
material model for the nonlinear finite element analysis
of concrete structures under short term, cyclic, non-pro-
portional loads is presented in this paper. The law is an
orthotropic model with the axes of orthotropy parallel to
the principal stress directions. Principal stress and princi-
pal strain directions are not parallel. The model builds
on the concept of equivalent uniaxial strains first pro-
posed in Darwin and Pecknold [6] and Bashur and Dar-
win [2]. Ultimate strength and strain surfaces are used
in the principal stress and equivalent uniaxial strain
spaces to find the material characteristics of the principal
stress-equivalent uniaxial strain curves. The ultimate sur-
face is that proposed by Willam and Warnke [21], with
a cap surface added to account for loading along or near
the hydrostatic axis.

The model is general and can describe monotonic and
cyclic loading, as well as proportional and non-pro-
portional loads. Post-peak crushing in compression and
cracking in tension are included. Furthermore, the model
accounts for the transition between brittle-softening to
ductile-hardening response in compression under
increasing lateral confinement. The cyclic behavior is
described by shifting the loading curve to the last inver-
sion point. The model has been successfully
implemented in the finite element code FEAP [19] as a
constitutive model driven by either finite elements or by
a constitutive driver that allows different mixed control
techniques to be applied, including shear stresses and
strains.

Correlation studies with available experimental tests
show very good predictions with the numerical model.
Satisfactory responses are observed under monotonic,
cyclic, proportional and non-proportional load cases.
The model simplicity makes it particularly attractive for
the study of reinforced concrete sub-assemblages where
numerical efficiency is important to minimize compu-
tational costs.
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Fig. 7. Cyclic triaxial compression tests by Scavuzzo et al. [17]: (a) applied stress histories; (b) response in direction 3; (c) response in direction
1; (d) response in direction 2.
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